
New Criterion for Local Thermal Equilibrium
in Porous Media

Xuewei Zhang∗ and Wei Liu†

Huazhong University of Science and Technology,

430074 Wuhan, People’s Republic of China

DOI: 10.2514/1.34623

In this paper, a general criterion for local thermal equilibrium in forced convection flows through porous media

under a constant heat flux boundary condition is presented in terms of parameters, including the boundary heat flux,

the area of cross section, the effective thermal solid-to-fluid conductivity ratio, characteristic length for pore size,

porosity, Nusselt number, fluid conductivity, and the heat source of solid phase. To check the validity of the proposed

criterion for local thermal equilibrium, the forced convection phenomena in the porousmediumbetween twoparallel

plates subjected to constant heat flux are studied by numerical method based on the Brinkman–Forchheimer

extended Darcy model. The temperature difference between solid and fluid phases in a representative elementary

volume are studied by comparing the effects of relevant parameters in this new criterion. In addition, the proposed

criterion is consistent with the existing experimental and numerical results for convection heat transfer in a porous

medium.

Nomenclature

asf = specific surface area
Cf = fluid specific heat
D = distance of parallel
Da = Darcy number
dp = diameter of particle
F = geometric function
hsf = interfacial heat transfer coefficient
K = permeability
L = characteristic length for system
Nu = Nusselt number
Pr = Prandtl number
p = pressure
q = heat source of solid phase,W=m3

qw = boundary heat flux,W=m2

Redp = particle Reynolds number
S = flow section area
T = temperature
t = time
u, v = effective velocity components
V = volume of porous medium
� = viscosity of fluid
� = effective solid-to-fluid thermal conductivity ratio
� = conductivity of fluid or solid
� = density
’ = porosity

Subscripts

eff = effective
f = fluid
in = inlet
s = solid
w = wall

I. Introduction

F LUID flow and heat transfer in a porous medium has been
extensively investigated due to its relevance in a wide variety of

engineering applications. From an energy equation point of view,
there are two different models for investigating the energy transport
in porousmedia: a local thermal equilibrium (LTE)model and a local
thermal nonequilibrium (LTNE)model. The LTEmodel assumes the
solid phase temperature is equal to that of the fluid phase in a
representative elementary volume (REV), which is simple and
straightforward, but valid only when the temperature difference
between the solid and fluid phases is very small. The LTNE model
requires additional information to account for the modes of energy
communication between the two considered phases. A number of
investigations have been reported on the validity of the LTE
assumption in the forced convection channel flow.

Carbonell and Whitaker [1], Whitaker [2], and Quintard and
Whitaker [3,4] presented a criterion for the validity of the assumption
of LTE. Their criterion is proposed in the case where the effect of
conduction is dominant. Amiri and Vafai [5] presented an error
contour map in terms of the particle Reynolds number, the Darcy
number, and the ratio of thermal diffusivity based on the qualitative
ratings. Nield [6] concluded that the effect of LTE is to increase the
Nusselt number at the interface between the fluid and solid phases.
Lee and Vafai [7] proposed a criterion for the validity of the LTE
model in the case of flow through a porous channel subjected to a
constant heat flux on the top and bottom walls by using analytical
solutions based on theDarcianflowmodel. Kim et al. [8] showed that
the assumption of LTE in amicrochannel heat sink,which ismodeled
as a porous medium, is valid as the Darcy number approaches zero
and the effective fluid-to-solid thermal conductivity ratio goes to
infinity. Even though studies on local thermal equilibrium have been
conducted for many years, a general criterion for the validity of the
local thermal equilibrium assumption has not been available, to the
authors’ knowledge.

The aim of this study is to present a more general criterion for the
LTE assumption under the condition of constantwall heatflux. To do
this, a theoretical analysis is performed for the casewhen the effect of
convection heat transfer is dominant in a channelfilledwith particles.
To check the validity of the new criterion for theLTE assumption, the
steady-state incompressible flow through a porous bed between two
parallel plates subjected to constant wall heat flux is studied by using
the numerical method based on the Brinkman–Forchheimer
extended Darcy model. The effects of the boundary heat flux, the
area of cross section, the effective thermal solid-to-fluid conductivity

Received 16 September 2007; revision received 10 March 2008; accepted
for publication 10 March 2008. Copyright © 2008 by Xue-wei Zhang.
Published by the American Institute of Aeronautics and Astronautics, Inc.,
with permission. Copies of this paper may be made for personal or internal
use, on condition that the copier pay the $10.00 per-copy fee to the Copyright
Clearance Center, Inc., 222 Rosewood Drive, Danvers, MA 01923; include
the code 0887-8722/08 $10.00 in correspondence with the CCC.

∗Doctor, School of Energy and Power Engineering.
†Professor, School of Energy and Power Engineering, Corresponding

Author; w_liu@mail.hust.edu.cn.

JOURNAL OF THERMOPHYSICS AND HEAT TRANSFER
Vol. 22, No. 4, October–December 2008

649

D
ow

nl
oa

de
d 

by
 H

U
A

Z
H

O
N

G
 U

N
IV

E
R

SI
T

Y
 O

F 
SC

IE
N

C
E

 o
n 

D
ec

em
be

r 
26

, 2
01

4 
| h

ttp
://

ar
c.

ai
aa

.o
rg

 | 
D

O
I:

 1
0.

25
14

/1
.3

46
23

 

http://dx.doi.org/10.2514/1.34623


ratio, characteristic length for pore size, porosity, Nusselt number,
fluid conductivity, and the heat source of the solid phase on the
temperature difference between solid and fluid phases in a REV are
studied systematically.

II. Criterion for Local Thermal Equilibrium

The criterion derived for the case where conduction is dominant,
by Carbonell and Whitaker [1], is expressed as

’��Cp�fd2p
t

�
1

�f
� 1

�s

�
� 1 (1)

where ’, �, Cp, dp, t, �f , and �s denote porosity, fluid density, fluid
specific heat, characteristic length scale of pore size, time scale, fluid
conductivity, and solid conductivity, respectively.

Another criterion mentioned by Kaviany [9] is expressed as

�TL � �Tl (2)

where �TL and �Tl are the temperature difference occurring over
the dimension of the system and the temperature difference between
the solid phase and fluid phase in the REV, respectively.

The literature [10] deduces another criterion from Eq. (2) as
follows:

Preff;fRedpDa
1=2

’

Nu
� 1 (3)

where the effective fluid Prandtl number, the Reynolds number, the
Darcy number, the Nusselt number, and the effective thermal
diffusivity are defined, respectively, as

Preff;f �
�

�eff;f
; Redp �

updp
�

Da�
d2p
L2
; Nu�

hsfdp
kf

From the criterion, the effect of LTE on a porousmedium is shown
to become stronger as either any one of the Reynolds number, the
Prandtl number, or the Darcy number decreases, or the Nusselt
number increases.

Here, we present a new criterion.
There is a straightforward criterion: the temperature difference

between the solid phase and the fluid phase in the REV is small:

Ts � Tf ! 0 (4)

The volume-averaged energy equations of the solid phase is

@

@x

�
�s;eff

@Ts
@x

�
� @

@y

�
�s;eff

@Ts
@y

�
� hsf�sf�Ts � Tf� � q� 0 (5)

When the effective conductivity of the solid is constant, Eq. (5) can
be rearranged as

Ts � Tf �
�s;eff 	�@2Ts=@x2� � �@2Ts=@y2�
 � q

hsf�sf
(6)

The heat flux at the boundary is conducted to the solid phase and
then transferred to the fluid phase by the interstitial heat transfer
between the fluid phase and the solid phase. And so, the volume
integral of the interstitial heat transfer rate is equal to the boundary
heat flux to the solid phase:

qs �
Z
v

�s;eff

�
@2Ts
@x2
� @

2Ts
@y2

�
�
Z
l

�s;eff

�
@Ts
@y

�
w

(7)

The boundary heat flux to the fluid phase

qf � �f;eff
�
@Tf
@y

�
w

(8)

Here, we assume [11] �
@Ts
@y

�
w

�
�
@Tf
@y

�
w

(9)

so that

qs � qw
�s;eff

�s;eff � �f;eff
� qw

�

�� 1
(10)

where the effective thermal conductivity ratio

�� �s;eff
�f;eff

(11)

The volume-averaged temperature difference is

Ts � Tf �
qw��=�� 1�L� qV

hsf�sfV
� �qw=S���=�� 1�

hsf�sf
� q

hsf�sf
(12)

The interstitial heat transfer coefficient, the interfacial surface area
per unit volume, can be expressed as

hsf �
Nu�f;eff
dp

; �sf �
A’

dp
(13)

By substituting Eq. (13) into Eq. (12), the criterion for local thermal
equilibrium is presented by the following equation:

Ts � Tf �
�qw=S���=�� 1�d2p

A’Nu�f;eff
�

qd2p
A’Nu�f;eff

(14)

So, the new criterion for local thermal equilibrium is

�qw=S���=�� 1�d2p
A’Nu�f;eff

�
qd2p

A’Nu�f;eff
! 0 (15)

or

�qw=S���=�� 1�d2p
A’Nu�f;eff

�
qd2p

A’Nu�f;eff
< �Tw � T1� � allow error�%�

(16)

where qw, S, �, dp, ’,Nu, �f;eff , Tw, T1, and allow error (%) are the
boundary heat flux, the area of cross section, the effective thermal
solid-to-fluid conductivity ratio, characteristic length for pore size,
porosity, Nusselt number, fluid conductivity, boundary temperature,
the inlet fluid temperature, and the allow error for analysis.

III. Mathematical Validation of the Criterion

A. Mathematical Formulation

The mathematical validation of the criterion is carried out for the
two-dimensional steady-state flow through a parallel plate channel
with height D, length L, and aspect ratio L=D� 10. The channel is
considered to be filled with homogenous and isotropic porous
medium as illustrated in Fig. 1. In addition, the porous medium is
considered to have no spatial variation in porosity throughout the
whole region, and fluid is injected through the left inlet at a constant
temperaturewith a uniform inlet velocity uin.Moreover, thewalls are
considered thin and are subjected to a constant heat flux qw.
Furthermore, viscous dissipation, gravitational effects, natural
convection, and thermal radiation heat transfer are all assumed to
have negligible effects on the velocity and temperature fields.

The steady-state volume-averaged governing equations presented
for the LTNE model are given as follows:

Continuity

@u

@x
� @v
@y
� 0 (17)
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Momentum of X direction

�f
’2

�
u
@u

@x
� v @u

@y

�
�� @P

@x
� �
’

�
@2u

@x2
� @

2u

@y2

�

� �
k
u � �f

F���
k
p

����������������
u2 � v2

p
u (18)

Momentum of Y direction

�f
’2

�
u
@v

@x
� v @v

@y

�
�� @P

@y
� �
’

�
@2v

@x2
� @

2v

@y2

�

� �
k
v � �f

F���
k
p

����������������
u2 � v2

p
v (19)

Fluid phase energy

@�Cf�uTf�
@x

�
@�Cf�vTf�

@y
� @

@x

�
�f;eff

@Tf
@x

�

� @

@y

�
�f;eff

@Tf
@y

�
� hsf�sf�Ts � Tf� (20)

Solid phase energy [which is the same as Eq. (5)]

@

@x

�
�s;eff

@Ts
@x

�
� @

@y

�
�s;eff

@Ts
@y

�
� hsf�sf�Ts � Tf� � q� 0

The permeability [12] of the packed bed is

K �
’3d2p

150�1 � ’�2 (21)

whereas the geometric function F [13] is

F� 1:75

150’3=2
(22)

The effective viscosity of fluid is written as

�eff � �f

The effective thermal conductivity of both phases are defined as

�f;eff � ’�f; �s;eff � �1 � ’��s

The specific surface area �sf of the bed can be expressed as

�sf � 6�1 � ’�=dp (23)

The fluid-to-solid heat transfer coefficient [14] is

Nu� hsfdp=�f � 2:0� 1:1Pr1=3Re0:6dp (24)

A no-slip boundary condition at the wall is employed for the
momentum equation, whereas the boundary conditions for the
energy equations are as follows [11]:

Tf � Ts; qs ���s;eff
�
@Ts
@y

�
w

qf ���f;eff
�
@Tf
@y

�
w

; qf � qs � qw

B. Results and Discussion

The numerical solution of the momentum and energy equations,
described in the preceding paragraphs, is obtained by using the finite
volume method. The SIMPLE algorithm for the pressure–velocity
coupling is used. Convergence is measured in terms of themaximum
change in each variable during iteration at each time increment. The
maximum change allowed for the convergence check is set to 10�6

for the energy equation and 10�4 both for continuity and momentum
equations. All computations have been carried out for a half-parallel
channel L � �D=2� by using nonuniform grid arrangements with
1000 � 100 to ensure the results are independent of the grid system.

The influences of pertinent parameters mentioned in Eq. (15) on
the temperature difference between the solid phase and the fluid
phase are shown in Fig. 2. During calculation of the effect of qw, 1=S,
�=��� 1�, d2p, 1=�f;eff , the other parameters keep constant, as
follows, qw � 100 W=m2, 1=S� 0:1 m2, �� 20, dp � 0:005 m,
�f;eff � 0:0242 W=�m � K�, and theNu is calculated byEq. (24). But
when calculating the effect ofNu, Eq. (24) is not included, but is used
as an independent variable. When calculating the effect of the solid
phase heat source, qw � 0, that is to say, the wall is adiabatic.

As showen in Fig. 2, the temperature difference between the solid
phase and the fluid phase increases linearly with the increase of qw,
1=S, �=��� 1�, d2p, 1=�f;eff , 1=Nu, and q, which implies the
assumption in Eq. (9) is reasonable. From the numerical calculation
shown in Fig. 2, the effect of local thermal equilibrium on a porous
media is more obvious with the decrease of the qw, 1=S, d

2
p, and q, as

well as with the increase of the Nusselt number and effective fluid
thermal conductivity. In addition, when the effective solid-to-fluid
thermal conductivity ratio is small, its effect is significant.

IV. Discussion About the Criterion

A. Discussion About the Nusselt Number

During the validation of the new criterion, the Nusselt number,
based on the interstitial heat transfer coefficient presented byWakao
et al. [14], has been applied. However, for other porous media, the
Nusselt number is calculated by the equation presented by other
references.

In the microchannel heat sink subject to an impinging jet, the
Nusselt number can be represented by the following correlation [10]:

Nu� 1:2434Re0:1368dp
Pr0:161eff;f � 2:0 (25)

For the sintered metal, Kar and Dybbs [15], as well as Maiorov
et al. [16], suggested theNusselt number based on the interstitial heat
transfer coefficient be written as

Nu�
hsfdp
�f
� CRendp �0< Redp < 102� (26)

n
 1:35 in Kar and Dybbs [15],

Nu�
hsfdp
�f
� CRendp �0< Redp < 103� (27)

0:65< n < 1:84 in Maiorov et al. [16].
For the cellular ceramic, the Nusselt number presented by Fu et al.

[17] is

Nu�
hsfdp
�f
� CRendp �0< Redp < 103� (28)

0:9< n < 1:18 in Fu et al. [17].

Fig. 1 Schematic diagram of a porous bed.
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Fig. 2 Effectofpertinentparametersattheaveragetemperaturedifferencebetweentwophases:a)boundaryheatflux,b)characteristic length,c)effective

thermal conductivity ratio, d) characteristic length for pore size, e) effective conductivity of fluid, f) Nusselt number, and g) heat source of solid phase.
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In this case, the Nusselt number based on the interstitial heat
transfer coefficient can be expressed in the form of

Nu� B� CPrdRefdp ; 0< d < 1; f > 0 (29)

So, the criterion also can be written as

�qw=S���=�� 1�d2p � qd2p
A�B� CPrdRefdp��f;eff’

! 0 (30)

B. Compared with Equation (1)

For the case in which conduction is the dominant heat transfer
mode, the Nu approaches B, if there is no heat source in the solid
phase, the criterion is expressed as

Ts � Tf �
�qw=S���=�� 1�d2p

AB�f;eff’
! 0 (31)

Here,

qw � L� ��Cp�fS � u ��TL (32)

Equation (31) can be rewritten as

Ts � Tf �
��Cp�f�TLd2p

ABt’

�

�� 1

1

�f;eff
(33)

And so,

�Tl
�TL

�
Ts � Tf
�TL

�
��Cp�fd2p
ABt’

�

�� 1

1

�f;eff
� 1 (34)

Then, Eq. (1) can be rewritten as

’��Cp�fd2p
t

�� 1

�

1

�f
� 1 (35)

It can be seen from Eqs. (34) and (35) that these two criteria are
coincident, excluding the effect of �. When the conductivity of fluid
is fixed, the assumption of local thermal equilibrium is valid as the
effective solid-to-fluid thermal conductivity is decreased. The same
conclusion was drawn from the conclusion of Kim et al. [8], but it is
worth mentioning that the conclusion gained by Eq. (35) is the
opposite.

The criterion proposed in this study is more general than the
previous criterion suggested by Kim and Jang [10], because the
former includes the effect of effective thermal solid-to-fluid
conductivity ratio.

V. Conclusions

A more general criterion for local thermal equilibrium under the
condition of constant wall heat flux is presented in terms of
parameters of engineering importance, which include the boundary
heat flux, the area of cross section, the effective thermal solid-to-fluid
conductivity ratio, characteristic length for pore size, Nusselt
number, effective fluid conductivity, and heat source of the solid
phase. The results presented in this study show that the effect of local
thermal equilibrium on a porousmediumwill become larger with the
decrease of the boundary heatflux, characteristic length for pore size,
and heat source of the solid phase, as well as with the increase of the
effective fluid Prandtl number, the particle Reynolds number, and
effective fluid thermal conductivity. In addition, when the effective
solid-to-fluid thermal conductivity ratio is small, its effect is
significant.
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