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Laminar forced convective heat transfer is studied for the purpose of getting the best heat transfer
performance with the least flow resistance increase. The variation calculus method is employed to
establish the equations describing the optimized fluid velocity field and temperature field. Numerical
solutions of the equations for a convective heat transfer process in a section-cut of a square duct indicate
the optimized flow should have a transverse secondary swirl flow pattern consisting of multiple vortexes
with identical swirl direction in the junction region of any two neighboring vortexes. We then propose
the convective heat transfer enhancement method relying on excitation of transverse secondary swirl
flow. To validate this method, we numerically study the heat transfer and flow resistance characteristics
of laminar flows in tubes with four-reverse-vortex-generator (FRVG) inserts, four-homodromous-vortex-
generator (FHVG) inserts, or a twisted tape insert. The calculated transverse secondary flow in the tube
with the FRVG inserts approximately follows the optimized flow pattern and the tube is thus found to
have the best thermo-hydraulic performance, validating the proposed convective heat transfer
enhancement method.

© 2014 Elsevier Masson SAS. All rights reserved.
1. Introduction

Various techniques of convective heat transfer enhancement
are widely applied in many industrial fields for efficient energy
generation, conversion, and utilization. During the past several
decades, many researchers and engineers have expended great
efforts to develop advanced convective heat transfer enhancement
techniques [1,2] like heat transfer surface modifications, direct
flow stirrers and indirect flow stirrers by external electric or
magnetic fields, to name a few. Fundamentally, these techniques
strengthen the convection/advection of fluid flow and reduce the
thickness of thermal boundary layer. For instance, the vortex
generators destroy the boundary layer by generating longitudinal
vortex near the tube-wall region [3,4], and the twisted tape inserts
arouse overall swirl flows and enhance the fluid advection be-
tween the near-wall and central regions [5e7]. Therefore, these
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techniques or measures augment heat transfer rate normally at the
cost of increasing the flow resistance, i.e., consuming more
external pump work. In other words, there exists an intrinsic
contradiction between convective heat transfer enhancement and
flow resistance reduction. In order to comprehensively evaluate
the overall performance of various heat transfer enhancement
techniques, Webb [8] proposed a performance evaluation criterion
(PEC), in terms of which a larger heat transfer rate does not
necessarily mean a better overall performance as enough attention
must be paid to the flow resistance increase after the imple-
mentation of the technique. Designing convective heat transfer
enhancement techniques with maximized heat transfer enhance-
ment effect at the cost of minimized external pump work con-
sumption is persistently a hot research subject in the thermal
science and engineering and relevant fields.

Bejan [9,10] proposed the principle of minimum entropy pro-
duction for heat transfer optimization based on the idea that the
entropy production in an optimized heat transfer process should be
minimized. He derived the expression of entropy generation
induced by both the heat transfer and viscous fluid flow and
analyzed the optimum geometry of heat transfer enhancement
devices at the constraint of least total entropy generation. Many
researchers [11e17] analyzed the entropy generations in various
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convective heat transfer processes and found optimum geometrical
parameters of relevant devices based on the principle of entropy
production minimization. Relatively recently, some other objective
functions for heat transfer optimization have been proposed, such
as the entransy dissipation extreme by Guo et al. [18] and the po-
wer consumption minimization by Liu et al. [19,20]. Guo et al. [18]
proposed a new concept, “entransy”, and regarded it as a physical
quantity describing the heat transfer ability and the potential ca-
pacity of a usable heat source. The fundamentals of their entransy
theory are i) there is some inevitable entransy dissipation during
heat transfer process, and ii) the entransy dissipation should be
maximized or minimized for the optimization of a heat transfer
process. Meng et al. [21] and Chen et al. [22] analyzed the entransy
dissipation in some typical convective heat transfer processes and
derived the expressions for process optimization. In contrast, Liu
et al. [19,20] set the minimum power consumption as the optimi-
zation objective constrained by constant entransy dissipation and
derived themodified expressions for the optimization of convective
heat transfer in circular tube flows. In these works [18e22], the
calculus of variations [23e25] was employed for the theoretical
derivations.

Despite the aforementioned principles for heat transfer opti-
mization, theories for the design of advanced convective heat
transfer enhancement techniques are obviously still needed. This
work is aimed to explore the mechanisms of convective heat
transfer enhancement for laminar flows and attempts to develop a
generic approach that can maximize the convective heat flux at the
constraint of constant pump work consumption. We will first
identify the objective function of heat transfer enhancement and
the constraint function of pump work consumption. We then
derive the equations that describe the optimized convective heat
transfer in laminar flows based on the principle of the calculus of
variations and apply these equations to a special case, convective
heat transfer in a 2D section-cut of a square duct. Last, based on the
findings from the results of 2D calculations, we propose a novel
convective heat transfer enhancement method relying on excita-
tion of transverse secondary swirl flowand numerically examine its
effectiveness with respect to 3D tube flows.
2. Derivation of optimization equations

2.1. Heat transfer enhancement

To facilitate the derivation of equations, we consider a one-
dimensional (1D) steady-state heat transfer process, schematic of
which is depicted in Fig. 1. The left domain A is solid and the right
Fig. 1. Schematic of a one-dimensional heat transfer process.
domain B is fluid. The symbols n and T denote the 1D spatial po-
sition and the temperature variable, respectively. A constant tem-
perature Tw is prescribed at the left boundary of domain A; Tw is
higher than the temperature in the other regions. The heat is
transported from the left boundary of domain A, across domain A
by conduction, and into the fluid by convection. Besides maneu-
vering thermal properties of the solid or fluid, one more important
way to enhance this heat transfer process is optimizing the velocity
and temperature fields in the fluid domain B to enhance the heat
convection.

The two temperature profiles (labeled with profile B1 and B2,
respectively) are different due to the distinct velocity fields in
domain B. Profile B1 exhibits larger temperature gradients in the
boundary layer, meaning that the heat transfer from the right
boundary of domain A to the fluid is more inefficient. In contrast,
profile B2 is flatter, indicating more efficient heat transport. The
temperature at the interface between the solid and fluid domains
for profile B2 is lower than that for profile B1, i.e., T2 < T1. Since there
is only heat conduction in the solid domain A, the temperature
profiles A1 and A2, corresponding to B1 and B2 in the fluid domain,
respectively, both show linear dependence on position n. Moreover,
the temperature profile A2 has larger gradients than profile A1,
indicating larger heat flux for scenario A2. Therefore, the fluid flow
in scenario A2eB2 has better effect of heat transfer enhancement
than that in scenario A1eB1.

We turn the above discussion into the following mathematical
expression, as
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where the subscripts 1 and 2 denote profile B1 and B2, respectively,
and the integrals over n are only on the fluid domain. The integralR
n
jvT=vnjdn quantifies the convective heat transfer enhancement

effect for a fluid flow, and the smaller the value is the greater the
effect can be. For two- or three-dimensional heat transfer pro-
cesses, a generic expression is introduced as

J ¼
Z
U

jVTjdU (2)

where,U represents thewhole fluid domain. The smaller the J is the
greater is the effect of convective heat transfer enhancement.
Therefore, to enhance convective heat transfer, an effective method
is to reduce the absolute value of temperature gradient in the fluid
domain by manipulating the velocity distribution in the fluid.

Of course, all heat transfer processes must follow the energy
conservation law, which is described by the following Eq. (3) if
transient effects and energy sources/sinks are not considered.

kV2T � rcpU$VT ¼ 0 (3)
2.2. External pump work consumption

External pump work is needed for forced convective heat
transfer. When the convective heat transfer is enhanced by
manipulating fluid velocity field, the external pump work con-
sumption is inevitably increased for real viscous flow. The mo-
mentum equation of fluid flow describes the relationship between
the forces and the fluid motions. We may identify the pump work
consumption of viscous flow by comparing the momentum equa-
tions for viscous and inviscid flows.

For steady-state incompressible laminar flows, the momentum
equations for inviscid and viscous flows, respectively, are



Fig. 2. Two-dimensional convective heat transfer process on a cross-sectional plane of
a square duct.
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rU$VU ¼ F � Vp (4)

rU$VU� mV2U ¼ F � Vp (5)

For inviscid flow, the imposed external forces ðF � VpÞ can be
totally contributed to the motions ðrU$VUÞ of fluid; an external
pump work is generally not needed. In contrast, an external pump
work is a must for the viscous flow as the fluid flow needs to
overcome the viscous resistance ðmV2UÞ; the external force
ðF � VpÞ is not fully utilized to drive the motions ðrU$VUÞ of fluid.
Accordingly, the external pumpwork consumption for viscous flow
is identified as

consumption ¼
Z
U

�
mU$V2U

�
dU (6)

where, the integral means the overall consumption across the
whole flow field. Then the constraint of constant pump work
consumption yields

Z
U

�
mU$V2U

�
dU ¼ j (7)

with j being a given constant.

2.3. Optimization equations

To optimize a convective heat transfer process, the value of the
objective function J expressed by Eq. (2) should be minimized using
the constraint expressed by Eq. (7), and this can be achieved via the
calculus of variations. To facilitate the operations, we replace the
objective function

R
U

jVT jdU with
R
U

ðVTÞ2dU. In addition, the con-
tinuity equation is naturally one other constraint condition besides
the energy equation (i.e., Eq. (3)) and the expression for constant
pump work consumption (i.e., Eq. (7)). The continuity equation is
expressed as

V$U ¼ 0 (8)

Therefore, the Lagrange function for variation calculus is
established as

J* ¼
Z
U

h
ðVTÞ2 þ A

�
kV2T � rcpU$VT

�
þ BV$Uþ C

�
mU$V2U

�i
dU

(9)

where A, B and C are Lagrange multipliers. Both A and B are func-
tions of spatial position, while C is required to be constant. Then the
following Eqs. (10) and (12) can be derived from the variations of J*
with respect to T and U,

kV2Aþ rcpU$VA� 2V2T ¼ 0 (10)

Z
G

��
2VT � rcpAU� kVA

�
dT þ kAdVT

�
dG
!¼ 0 (11)

2CmV2U� rcpAVT � VB ¼ 0 (12)

Z
G

ðBdU� CmU$VdUþ CmdU$VUÞdG
!¼ 0 (13)

where, G represents the boundary face of the fluid domain and Eqs.
(11) and (13) describe the general boundary conditions for Eqs. (10)
and (12), respectively.
The equation group consists of Eqs. (3), (7), (8), (10) and (12) is
closed for the solution of the variables A, B, C, U and T provided
appropriate boundary conditions are given. The calculated velocity
and temperature fields, which can have optimized heat transfer
performance at the constraint of a given pump work consumption,
may enlighten the design of advanced convective heat transfer
enhancement techniques.
3. Excitation of transverse secondary flow

Normally, we solve Eqs. (3), (8), (10) and (12) to obtain the so-
lutions of A, B, U and T, and then substitute the solution of U into Eq.
(7) to derive the value of the constant C. It is obvious that the two
constants, C and j, are related with each other, the smaller the
former is the larger the latter can be. Accordingly, the constraint of
constant pump work consumption is naturally sufficed by giving
the value of the constant C. In this way, Eq. (7) is excluded during
the solution procedure.

To clarify the concept more concisely, we consider only a
convective heat transfer process in a 2D section-cut of a square
duct. As depicted in Fig. 2, the length of each side of the square duct
is 0.1 m; Dirichlet boundaries with constant temperatures
TL ¼ 300 K and TR ¼ 310 K, are assumed for the left and right
boundaries, respectively, and the other two boundaries are adia-
batic walls. No-slip flow conditions are assumed for all the four
boundary walls. Instead of using boundary conditions described by
Eqs. (11) and (13), a special case of A ¼ 0 is assumed for the left and
right boundaries, and VA ¼ 0 for the other two boundaries; B ¼ 0 is
assumed for all the four boundaries. Heat is transferred from the
left and right boundaries into the fluid region by the convection of
airflow in the duct. To avoid flow vortexes caused by natural
buoyancy forces, physical properties of the fluid are assumed
constant as, k ¼ 2.59 � 10�2 W m�1 K�1, r ¼ 1.205 kg m�3,
m¼ 1.789� 10�5 Pa s, and cp¼ 1005 J kg�1 K�1. Cases of C¼ 0.5, 0.02
and 0.01 are specially selected for investigation.

The 2D square geometry was discretized using fine meshes,
100�100 quadrilateral meshes, which is sufficient to give results of
satisfyingly high accuracy. In the present work, the commercial
multi-functional CFD software package, FLUENT® 6.3 is employed
to solve the Eqs. (3), (8), (10) and (12). Equation (3) is actually the
steady-state energy conservation equation without any sources/
sinks; Eq. (8) is the standard steady-state continuity equation for
incompressible flow; Eq. (12) is similar to the steady-state mo-
mentum equation (i.e., NaviereStokes equation) if we view the B as



Fig. 3. Multi-vortex flow pattern forming on the 2D square plane. (Arrows in different
plots are not drawn to scale to better view the flow pattern.)
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the pressure variable in the NeS equation, but this momentum
equation (Eq. (12)) has a non-standard viscous diffusion term and a
non-standard source term. Equation (10) is a steady-state non-
standard convectiveeadvective equation for the variable A, and the
first term on the right hand side of Eq. (10) is a diffusion term, the
second a convective term, and the third a source term. We define a
user defined scalar for the variable A and let the FLUENT itself solve
the variables B, T and the vector U after customizing the non-
standard terms and zero terms in Eqs. (3), (8), (10) and (12) with
the FLUENT user defined functions (UDF). The SIMPLEC algorithm is
used to resolve the coupling of the velocity vector and the variable
B, and the QUICK discretization scheme is used to discretize the
convection and diffusion terms.

Fig. 3 depicts the numerical results of velocity vectors for cases
of different C values. Note that the vector arrows in different plots
are not drawn to scale to better view the flow pattern. It is seen that
the flow pattern of multiple vortexes emerges in the square for all
the cases, and smaller C case shows more vortexes. The driving
forces of these vortexes are from external pump work; for real
cases, they can be generated, for instance, by an internal mechan-
ical stirrer or an external electromagnetic device. According to the
foregoing analyses, a smaller C means more consumption of pump
work. Therefore, the multi-vortex flow pattern is related with the
external pump work consumption: more pump work is consumed,
more vortexes the resulting flow pattern has. It can be also found
from Fig. 3 that the flow directions of adjacent vortexes are iden-
tical at the junctions. In the two-dimensional square, heat is con-
vectively transferred between the walls and the fluid, which is
similar to the convective heat transfer process on a section-cut of a
three-dimensional duct flow. In this sense, the two-dimensional
square can be looked as a section-cut of a three-dimensional
square duct and the above-described vortexes can be viewed as
the transverse secondary flowbeing added to the longitudinal main
flow in three-dimensional square duct. This enlightens the inven-
tion of a novel convective heat transfer enhancement technique
relying on the excitation of transverse secondary flow, which has at
least two principles elaborated below.

First, the optimized velocity field has multiple vortex flow
pattern on section-cut planes perpendicular to the main flow. This
flow pattern is very different from that due to overall flow distur-
bance, a common mechanism of convective heat transfer
enhancement for most of the current techniques, such as twisted
tapes [5e7], coiled wires [26e28], conical strips [29e31] and
porous media inserts [32,33]. Second, the fluid swirl directions are
identical in the junction region of any two neighboring vortexes.

4. Validity tests

We consider tubes with specially designed inserts: the four-
reverse-vortex-generator (FRVG) inserts, and the four-
homodromous-vortex-generator (FHVG) inserts. As shown in
Fig. 4(b) and (c), both the FRVG and FHVG inserts consist of a series
of triangular sheets, geometry of which is sketched in Fig. 4(a). Each
of the sheets is perpendicular to the horizontal plane but slants to
the flow direction at an angle of a ¼ 30� and the lengths of its sides
are a¼ 0.005m and b¼ 0.01 m, respectively. The triangular sheet is
very thin as comparedwith the side lengths, thereby its thickness is
assumed to be 0. For the same group of four triangular sheets (FRVG
or FHVG) the nearest distance (i.e., d) between two neighboring
sheets is 0.005m. Along the flowdirection, multiple groups of FRVG
inserts are aligned with a 0.04 m uniform pitch, i.e., S¼ 0.04 m. The
diameter (D) and total length (L) of the tube are 0.025 m and 0.5 m,
respectively. The dimensionless geometrical parameters of the
FRVG inserts are determined as a/D ¼ 0.2, b/D ¼ 0.4, d/D ¼ 0.2 and
S/D ¼ 1.6. In addition, a tube with a twisted tape insert as depicted



Fig. 4. (a) Geometry of the triangular sheet, (b) schematic of the tube with four-
reverse-vortex-generator inserts, (c) schematic of the tube with four-homodromous-
vortex-generator inserts, (d) schematic of the tube with a twisted tape insert.

Fig. 5. Grid-independence tests: the calculated Nusselt number (Nu) and the friction
factor (f) for tube flows with a twisted tape insert, FRVG inserts or FHVG inserts, based
on numerical meshes of differing number of numerical elements.
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in Fig. 4(d), which can be considered as a representative of a large
class of heat transfer enhancement techniques relying on excitation
of overall flow disturbance, is also taken into account mainly for
comparison. Thewidth (W) and thickness (d) of the twisted tape are
0.025m and 0.001m respectively, and the twisted ratio (H/D) is 2.5;
these parameters are specially designed to make it have the best
heat transfer performance [5,6].

We employ FLUENT® 6.3 to simulate the convective heat
transfer processes in the above-described three tubes. The working
fluid is assumed to be air and its physical properties have already
been detailed in Section 3. A constant heat flux is prescribed at the
tube wall. To exclude the end-effects, at the tube inlet the fully
developed velocity and temperature profiles for laminar flows,
expressed by Eqs. (14) and (15) [34], respectively, are specified via
FLUENT UDFs; at the outlet, a zero fluid pressure and zero heat flux
boundary conditions are imposed. For the tube wall and the sur-
faces of inserts, no-slip wall boundaries are assumed.

u ¼ uc

�
1� r2

R2

	
(14)

T ¼ Tc þ qR
k


�r
R

�2
� 1
4

�r
R

�4�
(15)

where, uc and Tc are the velocity and temperature at the center of
the tube, respectively; q is the heat flux at the tube wall; R is the
inner radius of the tube, and r is the radial distance to the center of
the tube.

Grid-independence tests have been performed first. Tetrahedral
numerical elements are used in meshing, and the meshes close to
the tube wall and the surfaces of inserts are elaborately refined.
Three mesh systems with ~1,100,000, 1,700,000 and 5,500,000
numerical elements, respectively, are adopted to calculate a base-
line case of Re ¼ 1200 for all the three tubes with FRVG inserts,
FHVG inserts and a twisted tape insert, respectively. As explicit by
Fig. 5, the calculated Nusselt number (Nu) and friction factor (f)
values show small differences between the results based on the
mesh systems of ~1,700,000 and 5,500,000 numerical elements,
respectively. Moreover, inspection of the temperature and velocity
data calculated from the two mesh systems with ~1,700,000 and
5,500,000 numerical elements, respectively, finds the differences
are negligibly small. Therefore, the mesh system of ~1,700,000
numerical elements is adopted for all the following calculations.

Fig. 6 depicts the transverse secondary flow velocity vectors and
contours on a tube sectional planewith a 0.25m distance to the tube
inlet for all the three tube flows. The Reynolds number (Re) for the
flow is 1200. The secondary flow pattern shown in Fig. 6(a) is more
similar to that shown in Fig. 3, which is an expected result owing to
the FRVG inserts. Fig. 6(b) shows flow pattern different from
Fig. 6(a); owing to the FHVG inserts, some of the forming vortexes
exhibit reverse swirl direction in the junction region of two neigh-
boring vortexes. Fig. 6(c) shows an overall disturbance to the tube
flow by the twisted tape insert. It is noticeable from Fig. 6(a) that,
besides the four major vortexes there are some additional minor
vortexes forming in the gaps between the major vortexes. Similarly,
some minor vortexes also appear for the tube with FHVG inserts, as
seen in Fig. 6(b). All the vortexes, including the major and minor
vortexes, displayed in Fig. 6(a), follow the two principles for the



Fig. 6. Plots of transverse secondary flow velocity vectors and contours on a section-cut plane of the tube. Re ¼ 1200 and (a) FRVG tube, (b) FHVG tube, and (c) tube with a twisted
tape insert.
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Fig. 7. Comparison of the numerical results and the experimental data for the tube
with a twisted tape insert.

Fig. 9. Thermo-hydraulic performance (the calculated PEC values) for the three tubes
with FRVG inserts, FHVG inserts, and a twisted tape insert, respectively.
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optimized secondary flow pattern described in Section 3. As some
vortexes caused by the backflow of the major vortexes for the tube
flowswith FRVG or FHVG inserts, we see there exist regionswith the
secondary swirl flow of negative velocity magnitude.

Fig. 7 compares the numerical results and experimental data
reported byManglik [5] for the tube flowwith a twisted tape insert.
The calculated results deviate the experimental data by 3.8%e16.2%
for Nu and 7.1%e9.4% for f.

The numerical results of the Nusselt number (Nu) and friction
factor (f) for all the three tubes are summarized in Fig. 8. It can be
seen that the tube of a twisted tape insert has the best heat transfer
enhancement effect among the three, but the flow resistance in-
crease is much larger than the other two; the tube flow with FRVG
inserts has better heat transfer performance than that with FHVG
inserts and the flow resistance of the former only shows some mild
increase in comparison with the latter. To evaluate the overall
thermo-hydraulic performance of these tubes, the performance
evaluation criterion (PEC) proposed by Webb [8] is employed,
which is defined as

PEC ¼ Nu=Nu0
ðf =f0Þð1=3Þ

(16)

where, Nu0 and f0 are the Nusselt number and friction factor of the
plain tube, respectively. In the present work, they are taken as
Nu0 ¼ 4.36 and f0 ¼ 64/Re for fully developed tube flow convective
Fig. 8. The calculated Nusselt number (Nu) and friction factor (f) in the three tubes
with FRVG inserts, FHVG inserts, and a twisted tape inserts, respectively.
heat transfer in laminar regime. Seen from Fig. 9, which compares
the calculated PEC values for all the three tubes, the tube with the
FRVG inserts has the largest PEC for the examined Reynolds
numbers ranging from 0 to 1800, indicating the FRVG insert tube is
the most advantageous heat transfer tube for laminar flows. The
FHVG insert tube shows even worse heat transfer performance
than the twisted tape insert tube, indicating the importance of
arousing transverse vortexes with identical rotation directions in
the junction region of neighboring vortexes for the proposed
convective heat transfer enhancement technique.

5. Conclusion

Convective heat transfer for laminar flows has been studied
theoretically in a generic way for the purpose of achieving
maximum heat transfer enhancement effect at the constraint of
constant pump work consumption. The objective function for heat
transfer enhancement and the constraint function for external
pump work consumption were derived, and the optimization
equations for flow and temperature fields were established via the
variation calculus method. The numerical solutions of the optimi-
zation equations showed that the optimized velocity field takes on
a transverse secondary flow pattern of multiple vortexes with
identical swirl direction at the junction of any two neighboring
vortexes. Enlightened by these theoretical results, a novel convec-
tive heat transfer enhancement method for laminar flows was
proposed, which relies on the excitation of transverse swirl flow.
This secondary swirl flow consists of multiple vortexes and for a
pair of neighboring vortexes the flow swirl directions are identical
in the junction region. Specially, we realized this convective heat
transfer enhancement concept in a tube with a group of FRVG in-
serts. Numerical results corroborated that the tube with FRVG in-
serts has superior overall heat transfer performance over the tubes
with FHVG inserts or a twisted tape insert in laminar flow regime.
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Nomenclature

A, B, C Lagrange multipliers
a, b length of the triangular sheet sides, m
cp specific heat at constant pressure, J kg�1 K�1

D diameter of the tube, m
d distance of the triangular sheets, m
F volume forces
f friction factor
H 180� twist pitch of the twisted tape, m
J objective function
k thermal conductivity, W m�1 K�1

L length of the tube, m
Nu Nusselt number
n one-dimensional space coordinate
p pressure, N m�2

q heat flux density, W m�2

R inner radius of the tube, m
r radial distance, m
Re Reynolds number
S pitch between the four-sheet elements, m
T temperature, K
U flow velocity vector, m s�1

u flow velocity, m s�1

W width of the twisted tape, m

Greek symbols
a slant angle (�)
G boundary surface or line
d thickness of the twisted tape, m
m dynamic viscosity, m2 s�1

r fluid density, kg m�3

U whole domain of the flow field
j given value of power consumption

Subscripts
0 plain tube
c centerline
L left
R right
w tube wall
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