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Thermoelectric devices can convert thermal energy directly into electrical energy. The aim of this study
was to develop an approach for integrating computer-aided analysis with an optimization method that
could be applied to the design and optimization of thermoelectric generators. The optimization frame-
work consisted of a model generator, a direct solver, and a numerical optimizer. The simplified
conjugate-gradient method (SCGM) was used to build the optimizer, and the general-purpose finite-
element code was used for the direct solver and model generator. This approach was applied to the
multi-objective and multi-parameter optimization of geometric thermoelectric generators to design an
optimal structure for both a two-stage bismuth-telluride (BiTe)-based and skutterudite-based thermo-
electric generator (TEG) module. The leg length and the ratio between the cross-sectional areas (i.e., foot-
print) of the semiconductor columns and the TEG module were found to significantly affect the TEG
performance; hence, all were incorporated into the present optimization study. Multi-objective optimiza-
tion was used to realize a design that properly balanced the power output and conversion efficiency so
that both improved simultaneously.

� 2017 Elsevier Ltd. All rights reserved.
1. Introduction

Thermoelectric generator (TEG) operation is based on the See-
beck effect, which allows semiconductors to directly convert ther-
mal energy to electricity [1,2]. Because thermoelectric energy
conversion is based completely on solid-state technology and has
no moving parts or environmentally harmful fluids, it has the
unique advantages of high reliability and quiet, environmentally
friendly operation [3]. Research and development for TEG systems
has mostly been disconnected to the parametric optimization of
the module components, and most related studies have involved
engineering parametric analysis [4–7]. Previous performance
studies have shown that the TEG power output and conversion
efficiency are strongly dependent on their semiconductor material
properties [8–13]. In general, the dimensionless figure of merit (ZT)
represents the thermoelectric performance of the device, which is
defined as ZT ¼ a2rT=k, where a is the Seebeck coefficient, r
is the electrical conductivity, k is the thermal conductivity, and T
is the absolute temperature at which the properties are measured
[14]. A larger ZT represents a better thermoelectric device perfor-
mance. Therefore, the majority of thermoelectric research has
focused on improving the ZT of the material without considering
other factors such as interfacial bonding materials, weight, cost-
effectiveness, and environmental damage. The performance of ther-
moelectric modules has beenmodeled for various applications such
as automotive [15,16], internal combustion engines [17], and space
travel [18].

Some studies have found that the geometric structure of a ther-
moelectric device has a remarkable effect on TEG performance
[19–24]. Chen et al. [20] proposed a new cycle model that con-
sisted of a multi-couple thermoelectric device and involved several
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Nomenclature

P power output (W)
g conversion efficiency
COP coefficient of performance
ZT figure of merit
T temperature (K)
Th hot-side temperature
Tc cold-side temperature
f weight factor
C search variable
Atotal area of TEG module base
J objective function
Apn cross-sectional area of p- or n-type semiconductor
H height (mm)
Hpn height of element (leg length), equal to HpnL as the

search variable
HpnL height of lower stage element (leg length)
HpnU height of upper stage element (leg length)
W width (mm)

Abbreviation
TEG thermoelectric generator
TEC thermoelectric cooler

Greek letters
a seebeck coefficient (V K�1)
r electrical conductivity (S m�1)
k thermal conductivity (Wm�1 K�1)
q electric resistivity (Xm�1)
D difference
B search step size
p search direction
c area ratio of An/Ap

Subscripts
opt optimal
p, n p- or n-type semiconductor
Cu copper
k number of variables
L lower stage
U upper stage

Superscript
n number of iterations

Z. Liu et al. / Applied Energy 190 (2017) 540–552 541
key irreversibilities of real TEGs. They used the model to optimize
the performance of a multi-couple TEG and discussed the optimal
structure for a TEG. Chen [19] investigated the theoretical maxi-
mum efficiency of a solar TEG by using the Lagrangian multiplier
method. For a single TEG module with a fixed base area, the geo-
metric parameters include the leg length and the footprint area.
All parameters have a coupled effect on TEG performance. Jang
et al. [25] adopted a single-parameter method to study how the
foot length and cross-sectional area of the p- or n-type semicon-
ductor affected the performance of a micro-TEG uni-couple. They
found that, for each of the three geometrical parameters, there
was always a specific parameter corresponding to the optimal
power output or conversion efficiency; however, the optimal
power output and conversion efficiency values could not be
reached simultaneously. An individual parameter study is useful
but cannot obtain the optimal TEG structure. The optimal value
for a specific parameter is obtained by varying the parameter to
reach the optimal thermoelectric performance while keeping the
other parameters fixed; however, because all the parameters have
coupled effects on thermoelectric performance, the optimal ther-
moelectric performance cannot be reached by varying a single
specific parameter. Several studies have tried to develop a multi-
objective optimization method by combining an optimization algo-
rithm with a TEG/TEC numerical model [22,23,26,27]. Meng et al.
combined a TEG model and a simplified conjugate-gradient (SCG)
to optimize the leg length, base area ratio, and number of legs
simultaneously [27]. Huang et al. [26] combined a multi-physics
thermoelectric cooler (TEC) model and an SCG algorithm to opti-
mize the cooling capacity of a TEC module. The semiconductor pair
number, leg length, and base area ratio of the semiconductor ele-
ments were chosen as search variables. The optimal geometry
under the maximum cooling capacity was obtained; however,
the coefficient of performance (COP) of the optimal geometry
was reduced compared with that of the initial geometry.

Apart from the module geometric design, the co-design of
the thermoelectric module in conjunction with the thermal
boundary conditions also plays an important role in improving
system performance. Few works have considered the effect of
heat dissipation on the cold side. Some studies [28,29] developed
parametric analysis methods for exothermic systems that used
an optimal design model. These studies focused on heat
dissipation but used identical material properties; however, n-
and p-type thermoelectric materials are not naturally identical.
Most theoretical studies were limited to one-dimensional models
[30], or their thermoelectric elements were considered to be
identical materials, so the differences between the thermal and
electrical resistances of the thermoelectric elements were not
accurately evaluated [31]. Moreover, the power factors of the
n- and p-type elements differ because the Seebeck coefficient
and electrical resistance of the materials depend on temperature
[32]. In an earlier study, Row and Min [33] studied the effect of
the thermoelectric uni-couple area on power generation by using
several commercially available modules with equal footprints;
the footprint is another important factor for power generation.
However, they used a constant temperature as a boundary con-
dition on the cold side of the modules, which does not reflect
reality.

To improve the volumetric power generation of a TEG, this
study presents an approach to find the optimal TEG geometry that
integrates a multi-physics TEG model and an SCG method. The
approach was used to optimize a TEG module. The weighted aver-
age of P and g was taken as the multi-objective function to opti-
mize two search variables (i.e., two-stage leg length and
footprint of n- and p-type elements) simultaneously to determine
the optimal TEG performance. Parametric optimization was per-
formed on a TEG uni-couple that considered the temperature-
dependent properties of the thermoelectric materials. The maxi-
mum power generation and optimal efficiency of the two-stage
uni-couples were evaluated under a matched-load condition and
over a wide range of n/p footprint ratios and leg lengths, while
the total footprint and leg length of the two-stage elements were
kept constant.
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2. Optimization approach

2.1. Schematic of TEG

Fig. 1 shows the schematic of a TEG with a base area of
Abase = 5 � 6 mm2. The two-stage uni-couple includes a p-type
semiconductor column and an n-type semiconductor column on
each stage, six metallic interconnectors, and three electrical insula-
tion ceramic plates. The p- and n-type semiconductors of each
stage have the same height and footprint: HnL = HpL = HpnL, HnU =
HpU = HpnU, HpnL + HpnU = 4 mm, AnL = WnL �WnL, ApL = WpL �WpL,
AnL + ApL = 8 mm2, AnU = WnU �WnU, ApU = WpU �WpU, and
AnU + ApU = 8 mm2. The Seebeck coefficients, electrical conductivi-
ties, and thermal conductivities of the p- and n-type materials in
a TEG are different. Thus, an optimized TEG design should have dif-
ferent cross-sectional areas for the p- and n-type semiconductor
columns. Once the footprint and leg length Hpn are given, the unit
of the TEG geometric structure is determined. Thus, these two
parameters were chosen as search variables and were optimized
simultaneously to reach the maximum power generation and
maximum efficiency. The application ranges for the n-Sku, p-Sku,
n-BiTe, and p-BiTe were approximately 300–850 �C, 300–800 �C,
300–500 �C, and 300–550 �C, respectively [34,35]. All material
properties, including thermal conductivity, electrical conductivity,
Seebeck coefficient, and ZT value were selected based on those
given in [34,35]. For convenience of calculation, the properties
were fitted into polynomials with temperature.
2.2. Optimization approach

The 3D TEG model was adopted as a direct problem model. The
model assumed the following: the TEG operates at a steady state,
the TEG uni-couple is connected electrically in series and thermally
in parallel, electrical insulation ceramics (top, middle, and bottom)
have excellent thermal conductivity, the material properties of the
TEG are temperature-dependent, the thermal and electrical contact
resistances between the semiconductor columns and metallic
interconnectors can be neglected, and the heat losses by radiative
and convective heat transfer to the ambient can be neglected. The
heat conduction and electric potential equations of the model are
described briefly below. More details are given in [27].

The power of a TEG uni-couple was used as the objective func-
tion. The maximum power output can be reached by determining
the optimal parameter combination of Hpn, and An/Ap, but this
Fig. 1. Schematic of
may reduce the conversion efficiency. Similarly, the maximum
conversion efficiency is reached when the power output is not at
its maximum. Therefore, the power output and conversion effi-
ciency of the TEG module were considered simultaneously for
multi-objective optimization. In this study, the multi-objective
function is defined as follows [36]:

J ¼ 1 f
P

Popt
þ 1� f

g
gopt

 ! !
0

,
ð1Þ

where f is a weight factor for the first objective function P, and Popt
and gopt are the maximum values of the objective functions P and g,
respectively, when these objectives are maximized independently.

2.3. Governing equations

2.3.1. Heat-conduction equations

r � ðkirTÞ þ j2

ri
� bi

~j � rT ¼ 0 ð2Þ

r � ðkprTÞ þ j2

rp
� bp j

!
�rT ¼ 0 ð3Þ

r � ðknrTÞ þ j2

rn
� bn j

!
�rT ¼ 0 ð4Þ
2.3.2. Electric-potential equation

r � ðrðru� arTÞÞ ¼ 0 ð5Þ
In the above equations, k is the thermal conductivity, r is the

electrical conductivity, b is the Thomson coefficient, j
!

is the cur-
rent density vector, a is the Seebeck coefficient, and u is the elec-
tric potential. The subscripts i, p, and n denote the interconnector,
p-type semiconductor, and n-type semiconductor, respectively.
The Thomson coefficient is related to the Seebeck coefficient as
follows:

b ¼ T
da
dT

ð6Þ

Once the electric potential is obtained, the current density vec-
tor can be calculated by the following equation:
TEG uni-couple.
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j
!
¼ r E

!
¼ rð�ruþ arTÞ ð7Þ

The open-circuit voltage and short-circuit current in a TEG uni-
couple are as follows:

Voc ¼ aDT ð8Þ

Isc ¼ aDT
R

ð9Þ

The average Seebeck coefficient of the uni-couple is as follows
[37]:

a ¼ 1
Th � Tc

Z Th

Tc

ðap � anÞdT ð10Þ

The internal resistance of the uni-couple in Eq. (9) is as follows
[38]:

R ¼ Rn þ Rp ¼ rn
An

Hn

� ��1

þ rp
Ap

Hp

� ��1
" #

ð11Þ

The maximum power generated by the uni-couple can be calcu-
lated from the optimal current and electric voltage generated in
the uni-couple that occurs at half of the short-circuit current and
half of the open-circuit voltage. This is the matched-load condition,
where the internal electrical resistance of the uni-couple is equal
to the imposed electrical load resistance [39,40].

Pmax ¼ vopt � Iopt ¼ ðDTaÞ2
4R

rn
An

Hn

� ��1

ð12Þ

The efficiency of the uni-couple is the ratio of the power pro-
vided to the load and the heat absorbed at the hot junction:

g ¼ P
Q

¼ Th � Tc

Th
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ZTm

p � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ZTm

p þ Tc=Th
ð13Þ
2.4. Constraint and boundary conditions

The thermoelectric elements of each stage were 2 mm long,
while the footprint ratios and length of the squared n/p elements
of each stage were initially considered equal: HpL = HnL = 2 mm,
HpU = HnU = 2 mm, and HpL + HpU = 4 mm. The element length on
each stage was always the same. The total area of the n/p foot-
prints (An + Ap) was fixed at 8 mm2 for all designed uni-couples.
The area of the identified ceramic substrate of each thermoelectric
element was 3 � 3 mm2. Thus, the distance between the center
points of the thermoelectric elements was 3 mm as shown in
Fig. 1. The thickness of the ceramic substrate and copper intercon-
nectors was 0.3 mm.

To realize a practical approach, the search variables should be
considered over a reasonable range. Because of the limitations of
actual processing, Hp and Hn cannot be arbitrarily small, nor can
the cross-sectional area A also be too small. To minimize process-
ing difficulties, the constraint conditions for the optimization were
chosen to be Hpn > 0.3 mm and An or Ap > 0.5 mm2.

Constant temperatures Th and Tc were applied to the hot and
cold sides, respectively, of the TEG. The temperature and heat flux
were assumed to be continuous on the interface between the inter-
connector and semiconductor and the electrical insulation ceramic
plates. The adiabatic boundary condition was assumed for the side
surfaces of the TEG.

In single-parameter analysis, only one parameter of interest
changes while the other two parameters keep the values of the ini-
tial geometry. For a TEG module with a fixed substrate, once the
semiconductor leg length (Hpn) and the cross-sectional area ratio
of the semiconductor columns on each stage are specified, the
two-stage TEG module geometry is uniquely determined. Fig. 2
shows the effect of a single parameter Hpn, cL = AnL/ApL, or cU =
AnU/ApU on the TEG module performance at different temperatures.
L represents the lower stage, and U represents the upper stage.

The cold-side temperature was assumed to be 293 K, and the
hot-side temperature was varied from 493 to 973 K. The baseline
geometry was defined as Hpn = 2 mm, cL = AnL/ApL = 1, and cU =
AnU/ApU = 1. In single-parameter analysis, only one parameter
changes while the other two parameters do not change. We found
that Hpn, cL = AnL/ApL, and cU = AnU/ApU significantly affected the
TEG module power output and efficiency. Consequently, these
three parameters were chosen as the search variables.
2.5. Optimization procedure

The optimization procedure steps for applying the SCG
algorithm are described briefly below. For convenience, search
variables C1, C2, and C3 were used to denote the semiconductor
leg length Hpn (as shown in Fig. 1), lower stage footprint ratio cL,
and upper stage footprint ratio cU, respectively.

(1) Estimate initial values for the search variables C1, C2, and C3

and the values of the search step sizes b1, b2, and b3:

(2) Create the geometry and grids of the TEG using the specified
search variables C1, C2, and C3. Set up all boundary
conditions and then numerically solve Eqs. (1)–(13).

(3) Evaluate the objective function J. When the convergence
criterion is satisfied, the objective function reaches the
minimum. At this point, terminate iteration; otherwise,
proceed to step (4).

(4) Determine the gradient functions ð@J=@CÞn of the objective
function for each search variable based on the following
equation:
@J
@C

¼ DJ
DC

ð14Þ
(5) Calculate the conjugate-gradient coefficients c and search
directions p for each search variable." #

cðnÞ ¼ ð@J=@CÞðnÞ

ð@J=@CÞðn�1Þ

2

ð15Þ
� �

pðnþ1Þ ¼ @J

@C

ðnÞ
þ cðnÞpðn�1Þ ð16Þ
where the superscripts n and n � 1 denote the number of

search steps. For n = 1, c ¼ 0.
(6) Update the new search variables:
Cðnþ1Þ ¼ CðnÞ � bpðnÞ ð17Þ
and then return to step (2).

Typical values for DH and DA were 0.01 mm and 0.0001 mm2,
respectively. b varied from 0.001 to 0.06 depending on the conver-
gence situation during the optimization. Fig. 3 shows a flowchart of
the optimization. The TEG model was solved with COMSOL, and
the SCG model was solved by a live-link with MATLAB.

Like other gradient algorithms, the SCGM may not find the glo-
bal minimum of the objective function because it may be trapped
in local minima. The results of the SCGM depend on the set of ini-
tial parameters. Thus, several trials may be required to find the glo-
bal minimum solution. For this reason, three different sets of initial
search variable values were used to validate the optimization in
this study.



Fig. 2. 3D temperature distribution in uni-couple: (a) cL = 0.25, cU = 1, HpnL = 2 mm, HpnU = 2 mm; (b) cL = 1, cU = 0.25, HpnL = 2 mm, HpnU = 2 mm; (c) cL = 1, cU = 1,
HpnL = 3 mm, HpnU = 1 mm.
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3. Results and discussion

For the two-stage TEG uni-couple, the footprints of the n- and
p-elements (An + Ap) were fixed at 8 mm2 for each stage. The area
of the identified ceramic substrate for each thermoelectric element
was 5 mm � 6 mm. This module was selected as the test example
to demonstrate the applicability of the proposed multi-objective
and multi-parameter optimization approach for TEG geometry
design. Because of the dependence of power output and conversion
efficiency on the temperature, the optimal geometry of the TEG
module should vary at different temperatures. Therefore, search
variables with initial values of Hpn = 2 mm, cL = 1, and cU = 1 were
optimized simultaneously to determine the optimal geometry at
different temperatures from 200 to 700 �C. The selected hot-side
temperatures represented low-, medium-, and high-temperature
differences. In the following discussions, the single-objective opti-
mization was presented before the multi-objective optimization to
show the advantages of the latter method.

3.1. Single-objective optimization

3.1.1. Power as an optimization objective
To determine Popt and gopt in the multi-objective function (Eq.

(1)), two single-objective optimizations were first implemented
with power output and conversion efficiency as the objective func-
tions, respectively. Figs. 4 and 5 show the evolutions of power out-
put and conversion efficiency during optimization when power
output was taken as the objective function. Power output signifi-
cantly improved as the three search variables were optimized
and finally reached a maximum value (Fig. 4), while conversion



Fig. 3. Simplified conjugate-gradient method.

Fig. 4. Variations in TEG performance during optimization of P: power. Fig. 5. Variations in TEG performance during optimization of P: g.
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efficiency increased or decreased depending on the hot-side tem-
perature (Fig. 5). When the TEG uni-couple reached the optimal
design, power output significantly improved at 500, 600, and
700 �C by approximately 18.2%, 29.3%, and 43.3%, respectively,
compared to the initial design. However, power output only
increased by 7.1%, 5.3%, and 9.8% at 200, 300, and 400 �C, respec-
tively. Fig. 5 shows that, when power output was taken as the
objective function, the conversion efficiency of the optimal design
showed two different trends depending on the hot-side tempera-
ture. At low and medium hot-side temperatures (200, 300, and
400 �C), the conversion efficiency of the optimal design was
7.55%, 10.25%, and 12.74%, respectively. These results are similar
to the initial design values of 7%, 10.38%, and 12.8%, respectively.
However, at high hot-side temperatures (500, 600, and 700 �C),
the conversion efficiency of the optimal design was 15%, 16.9%,
and 18.62%. These values were higher than the initial design values
of 14.3%, 14.6%, and 14.29%, respectively. This means that it is pos-
sible to simultaneously increase the conversion efficiency and
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power output. Hence, multi-objective optimization is necessary
and feasible.

At low and medium temperatures below 500 �C, the power out-
put and conversion efficiency of the optimal design were similar to
the values of the initial design as expected. However, at high tem-
peratures (500, 600, and 700 �C), the power output and conversion
efficiency improved significantly and simultaneously. This
occurred mainly for two reasons: first, when the thermoelectric
materials and temperature difference were specified, the differ-
ence between the maximum conversion efficiency for the TEG
modules with various designs was relatively small; second, the ini-
tial design of the TEG module reached or approached the maxi-
mum power output at these high temperatures, so the space for
improvement in power output was small.

Figs. 6–8 show the evolutions of the three search variables dur-
ing optimization. The optimal design depended on the hot-side
temperature. The optimal designs are shown in Table 1.

Figs. 9–14 show the power and efficiency of each stage’s evolu-
tions during optimization when Th = 200, 400, and 700 �C. For a
low hot-side temperature, a material with a low working temper-
ature, such as BiTe, is suitable. The increases in the total power and
total efficiency were mainly the result of using BiTe as a fabrication
material, as using skutterudite would result in losses in efficiency
and power. However, at a high hot-side temperature, a material
with a high working temperature such as skutterudite is better.
Here, the increases in the total power and efficiency were mainly
the result of the use of skutterudite as a fabrication material, as
using BiTe would result in losses in efficiency and power. At med-
ium hot-side temperatures, the use of BiTe or skutterudite as fab-
rication material had the same effect on power and efficiency.
0 50 100 150 200 250
0.4
0.6
0.8
1.0

Search Step

Fig. 8. Variations in TEG performance during optimization of P: Hpn.

Table 1
Optimal designs under different hot-side temperatures with power as an optimiza-
tion objective.

Th (�C) Hpn (mm) cL cU

200 2.66 1.56 0.55
300 1.71 1.58 0.597
400 1.19 1.61 0.624
3.1.2. Efficiency as an optimization objective
Figs. 15 and 16 show the evolutions in power output and con-

version efficiency during optimization when conversion efficiency
was the objective function. Significant improvements in conver-
sion efficiency were observed as the three search variables were
optimized and converged to a maximum value (Fig. 15). Mean-
while, power output increased or decreased depending on the
hot-side temperature (Fig. 16). When the TEG uni-couple reached
the optimal design at 200, 600, and 700 �C, the conversion effi-
ciency significantly improved by 13.2%, 17.3%, and 31.6%, respec-
tively, compared to the initial design. However, at 300, 400, and
500 �C, the conversion efficiency only increased by 1.06%, 1.1%,
and 5.9%, respectively. This is because the initial TEG module
designs reached or approached the maximum conversion
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Fig. 6. Variations in TEG performance during optimization of P: cL.

500 0.90 1.63 0.648
600 0.68 1.67 0.661
700 0.564 1.68 0.675
efficiency at the hot-side temperatures, so the space for improve-
ment in the conversion efficiency was small.

Fig. 16 shows that when conversion efficiency was the objective
function, the power output of the optimal design presented two
different trends depending on the hot-side temperature. At low
and medium hot-side temperatures (200, 300, 400, and 500 �C),
power output of the optimal design was 0.0149, 0.0342, 0.0605,
and 0.0942W, respectively. These values were only slightly higher
than the initial design values of 0.014, 0.0338, 0.0594, and
0.0873W, respectively. However, at high hot-side temperatures
(600 and 700 �C), the power output of the optimal design was
0.1332 and 0.1774W, respectively. These values were much higher
than the initial design values of 0.1168 and 0.1440W, respectively,
with increases of 14% and 23.2%, respectively. Some power was
sacrificed when the conversion efficiency was maximized at high
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Fig. 10. Variations in TEG performance during optimization of P at Th = 200 �C: g.
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Fig. 11. Variations in TEG performance during optimization of P at Th = 400 �C: P.
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Fig. 12. Variations in TEG performance during optimization of P at Th = 400 �C: g.
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Fig. 13. Variations in TEG performance during optimization of P at Th = 700 �C: P.

0 50 100 150 200 250
0.02

0.04

0.06

0.08

0.10

0.12

0.14

0.16

0.18

0.20

0.22

Fixed parameters
An+Ap=8mm2 HpnL+HpnU=4mm
Th

E
ffi

ci
en

cy

Search Step

 etaL
 etaU
 etatotal

Fig. 14. Variations in TEG performance during optimization of P at Th = 700 �C: g.
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temperatures. These results again confirm that multi-objective
optimization is necessary.

Figs. 17–19 show the evolutions of the three search variables
during optimization at different temperatures. The optimal design
depended on the hot-side temperature. The optimal designs are
shown in Table 2.

Figs. 20 and 21 show the evolutions in power output and con-
version efficiency of each stage during optimization when
Th = 400 �C. The results are similar to those of power output as
an objective function.
3.2. Multi-objective optimization

Power output and conversion efficiency were taken as multi-
objective functions. The single-objective optimization usually
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Fig. 15. Variations in TEG performance during optimization of g: g.
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Fig. 16. Variations in TEG performance during optimization of g: P.
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Fig. 17. Variations in TEG performance during optimization of g: cL.
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Fig. 18. Variations in TEG performance during optimization of g: cU.
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Fig. 19. Variations in TEG performance during optimization of g: Hpn.

Table 2
Optimal designs under different hot-side temperatures with efficiency as an
optimization objective.

Th (�C) Hpn (mm) cL cU

200 3.7 2.06 0.793
300 2.42 1.329 0.941
400 1.67 1.003 1.152
500 1.283 0.905 1.223
600 0.999 0.864 1.437
700 0.876 0.748 1.474
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Fig. 20. Variations in TEG performance during optimization of g at Th = 400 �C: P.
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improved power output at the cost of conversion efficiency and
vice versa. Therefore, multi-objective optimization was imple-
mented to enhance power output and conversion efficiency simul-
taneously. Note that the weight factor f in Eq. (1) may vary
between 0 and 1, and any value gives relative importance to the
single-objective function. The value of the weight factor can be
selected by the designer; we adopted a value of 0.5.
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Fig. 21. Variations in TEG performance during optimization of g at Th = 400 �C: g.
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Fig. 22. Variations in TEG performance during multi-objective optimization: P.
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Fig. 23. Variations in TEG performance during multi-objective optimization: g.

Table 3
Optimal design with different objectives.

Initial design g as objective

Th (�C) P (W) g P (W) g

200 0.0140 0.0700 0.0149 0.0793
300 0.0337 0.1038 0.0342 0.1050
400 0.0595 0.1280 0.0605 0.1293
500 0.0871 0.1430 0.0942 0.1515
600 0.1168 0.1460 0.1332 0.1713
700 0.1440 0.1429 0.1774 0.1880
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Figs. 22 and 23 show the evolutions in power output and con-
version efficiency of the TEG uni-couple during the multi-
objective optimization.

At Th = 500, 600, and 700 �C, power output significantly
improved by 18.9%, 28.9%, and 30.6%, respectively, compared to
the initial designs. However, at Th = 200, 300, and 400 �C, the con-
version efficiency only increased by 7.1%, 5.0%, and 9.4%, respec-
tively. The optimal conversion efficiency at Th = 200, 300, 400,
500, 600, and 700 �C was 7.8%, 10.43%, 12.89%, 15.13%, 17.1%,
and 18.77%, respectively. The initial design conversion efficiency
values were 7%, 10.39%, 12.80%, 14.3%, 14.6%, and 14.29%, respec-
tively. At Th = 200, 600, and 700 �C, the conversion efficiency signif-
icantly improved by 11.4%, 17.1%, and 31.4%, respectively,
compared to the initial designs. However, at Th = 300, 400, and
500 �C, the conversion efficiency only increased by 0.5%, 0.5%,
and 5.6%, respectively, for two reasons. First, when the
thermoelectric materials and temperature difference were speci-
fied, the differences between the maximum conversion efficiency
and the power output of the TEG modules with various designs
were relatively small. Second, the initial design of the TEG module
reached or approached the maximum conversion efficiency and
power output at these geometrics, hence, the space for improve-
ment in conversion efficiency and power output was small.

Table 3 shows the optimal design with different objectives. A
comparison of the results shows that the multi-objective optimiza-
tion produced a reasonable balance between the power output and
the conversion efficiency to improve both simultaneously.

Table 4 shows the detailed parameters of optimal design with
different objectives. The optimal designs with multi-objective opti-
mization required 1.5 < cL < 1.7 and 0.5 < cU < 0.7 for most of the
hot-side temperatures, while the single-objective optimizations
required much wider ranges of cL and cU for most of the hot-side
temperatures than those for multi-objective optimization if g is
the object.

Figs. 24–27 show the evolutions in the power outputs and effi-
ciencies of the lower stage (PL and gL, respectively) and upper
stage (PU and gU, respectively) of the TEG module during the
multi-objective optimization. Because the length and area of the
thermoelectric elements were fixed, the optimal design had to be
a compromise between the lower and upper stages at different
hot-side temperatures. For a lower hot-side temperature, the mod-
ule must use more BiTe, and for a higher hot-side temperature,
more skutterudite must be used. This is why the length of Hpn

increased with the hot-side temperature.
Figs. 26 and 27 show the evolution in the efficiency. The effi-

ciency of the lower stage was below a certain value. This was
mainly because BiTe as a fabrication material does not work well
above 300 �C.

Figs. 28 and 29 compare the Th-P and Th-g curves of the initial
and optimal TEG uni-couple designs. The multi-objective optimiza-
tion not only significantly elevated the power output but also
improved the conversion efficiency. The maximum increases in
power output and conversion efficiency occurred at Th = 700 �C:
42.9% and 31.4%, respectively.
P as objective Multi-objective

P (W) g P (W) g

0.0151 0.0755 0.0150 0.0780
0.0355 0.1025 0.0355 0.1043
0.0653 0.1274 0.0651 0.1289
0.1038 0.1500 0.1036 0.1513
0.0151 0.1690 0.1506 0.1710
0.2064 0.1862 0.2058 0.1877



Table 4
Parameters of optimal design with different objectives.

P as objective g as objective Multi-objective

Th (�C) Hpn (mm) cL cU Hpn (mm) cL cU Hpn (mm) cL cU

200 2.66 1.56 0.55 3.7 2.06 0.7793 3.23 1.54 0.52
300 1.71 1.58 0.597 2.42 1.329 0.941 2.02 1.56 0.58
400 1.19 1.61 0.624 1.67 1.003 1.152 1.38 1.59 0.61
500 0.90 1.63 0.648 1.283 0.905 1.223 1.03 1.62 0.64
600 0.68 1.67 0.661 0.999 0.864 1.437 0.81 1.64 0.66
700 0.564 1.68 0.675 0.8776 0.748 1.474 0.66 1.67 0.67
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Fig. 24. Variations in TEG performance during multi-objective optimization: power
of upper stage.
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Fig. 25. Variations in TEG performance during multi-objective optimization: power
of lower stage.
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Fig. 26. Variations in TEG performance during multi-objective optimization:
efficiency of upper stage.
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Fig. 27. Variations in TEG performance during multi-objective optimization:
efficiency of lower stage.
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The design of a TEG module can benefit from the references
[6,41–44], however, further thorough experiments should be
carried out to verify the results obtained by simulation
before they can be used in industrial applications. In the future
experimental work, the two-stage TEG modules as shown in
Fig. 1 with different materials and geometrical parameters
should be designed. Although it is not practical to test as many
cases as we did in the optimizations, at least several represent-
ing cases are needed to verify the tendencies obtained by the
optimizations.
4. Conclusions

This study presented an optimization approach for the design of
a TEG module. In this approach, the direct problem solver adopted
a multi-physics TEG model that was solved with COMSOL. The
inverse problem solver used an SCG algorithm and was solved with
MATLAB. The optimization approach was tested for both a BiTe-
and a skutterudite-based two-stage TEG module. The element
length was 2 mmwith a cross-sectional area of 2 � 2 mm2 for both
the n- and p-type thermoelectric elements of each stage.
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Fig. 28. Comparison of TEG power outputs of initial and optimal designs.

Fig. 29. Comparison of TEG efficiencies of initial and optimal designs.
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Single-objective and multi-objective optimizations were imple-
mented to determine the optimal TEG performance. Three geomet-
ric parameters were chosen as the search values and optimized
simultaneously: the leg length of the lower stage Hpn and the foot-
print ratios of the lower and upper stages, cL and cU, respectively.

When the power output was the objective function, it was sig-
nificantly elevated by the optimization of the three geometric
parameters. The power outputs of the optimal design were about
5.7%, 5.0%, 9.4%, 18.9%, 28.9%, and 30.6% higher, respectively, than
the initial design values. However, the improvement in power out-
put reduced the conversion efficiency. Similarly, when the conver-
sion efficiency was taken as the objective function, its increase in
the optimal design was accompanied by a significant reduction
in power output.

Thus, multi-objective optimization was necessary to improve
power output and conversion efficiency simultaneously. The
results confirmed the feasibility of the proposed multi-objective
optimization approach. A weight factor of 0.5 produced a reason-
able balance for improving power output and conversion efficiency
simultaneously. The optimization results can be used to increase
both the power output and efficiency of real thermoelectric sys-
tems such as solar thermoelectric systems.
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