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When people solved the Navier-Stokes equation to find fluid velocity and pressure, they usually use the
SIMPLE algorithm developed by Patankar and Spalding. Due to lack of independent partial differential
equation for the pressure, the Navier-Stokes equation is solved numerically by pressure correction and
iteration methods. In this paper, however, based on constructing a constitutive relation between fluid
power flux and pressure gradient, a conservation equation on fluid mechanical energy was established.
Thus, the Navier-Stokes equation can be solved by directly coupling the proposed conservation equation
to find velocity and pressure in the flow field.

� 2017 Elsevier Ltd. All rights reserved.
1. Introduction

In the past several decades, people had been trying to explore
the physical mechanisms of various transport phenomena based
on mass, momentum and energy conservation equations by using
the methods of computational fluid dynamics [1–5]. In 1972,
Patankar and Spalding put forward an algorithm called SIMPLE to
calculate velocity and pressure distributions for the incompressible
fluids [6]. When solving the Navier-Stokes equation, they first
solved a set of algebra equations on pressure correction, which
was derived by satisfying continuity equation to correct the values
of fluid velocity and pressure, and then found solutions of the
Navier-Stokes equation by the iteration method. Thus, continuity
equation is just used as a condition equation in the SIMPLE algo-
rithm or subsequently improved SIMPLE family algorithms, rather
than a coupling equation [7], and the controlling equations are not
closed due to lack of partial differential equation for the pressure
and corresponding boundary conditions. Qu et al. proposed an
improved numerical algorithm named SIMPLERM for incompress-
ible fluid flow computations on the nonstaggered and nonorthogo-
nal curvilinear grid system. This algorithm can guarantee the
coupling between velocity and pressure and underrelaxation inde-
pendence of the solution [8].

For many years, people also paid much attention to enhancing
heat transfer and reducing flow resistance to design the
heat-exchange devices with high thermal efficiency and low flow
resistance. Guo et al. presented a principle of field synergy for
single-phase convective heat transfer by introducing a synergy
angle between fluid velocity vector and temperature gradient to
evaluate performance of heat transfer enhancement [9,10]. The
study demonstrates that if synergy angle b is decreased, the effect
of heat transfer will be better. In addition, Guo et al. also developed
a method of heat transfer optimization [11,12]. The study indicates
that if taking entransy dissipation rate or entropy generation rate
as an objective in optimizing flow field, the loss in heat transfer
process will be reduced, and the effect of heat transfer will be bet-
ter. Therefore, reducing heat transfer loss or enlarging heat transfer
rate is a problem faced in optimizing flow field of convective heat
transfer.

Reducing fluid flow loss or lowering power consumption rate is
another problem faced in optimizing flow field of convective heat
transfer. Liu et al. extended field synergy principle by introducing
a synergy angle h between fluid velocity vector and pressure gradi-
ent to evaluate the level of fluid power consumption [13–16]. The
results show that if synergy angle h is decreased, power consump-
tion of the fluid will be smaller. At the same time, however, syn-
ergy angle b will be increased and the effect of heat transfer will
be weaker. In addition, Liu et al. also investigated the method of
heat transfer optimization by introducing two new optimization
objectives [17–20]. One is to reduce heat transfer loss based on
minimization of exergy destruction rate, and the other is to reduce
fluid flow loss based on minimization of power consumption rate.
Then, the Lagrange functional was reestablished by adopting new
optimization objective and constraint conditions, and a set of con-
trolling equations was derived by means of functional calculus of
variation to optimize the flow field in a circular tube. Finally, an
optimized flow field with multi-longitudinal swirls was achieved
in the tube, and the increase amplitude of heat transfer is much
higher than that of power consumption of the fluid.
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2. A new constitutive relation for the fluid

The quantity of heat transferred in the fluid is always connected
with the power consumed by the fluid. For a heat transfer process,
the more the heat transferred, the more the power consumed. At
any point of flow field, however, the abilities of the fluid to transfer
heat and to do work should be examined simultaneously.

As we know, Fourier’s law shows a constitutive relation
between fluid heat flux and temperature gradient [21,22], which
is expressed as

q
! ¼ �krT; ð1Þ

where q
!
represents the magnitude and direction of heat flux at any

point of flow field, reflecting the ability of the fluid to transfer heat,
W/m2. Nevertheless, to transfer the heat flux, a driving force should
be provided to the fluid. Thus we define

x
! ¼ �frp; ð2Þ

where x
!

represents the magnitude and direction of power flux at
any point of flow field, reflecting the ability of the fluid to do work,
W/m2. In Eq. (2), minus sign indicates that the direction of power
flux is opposite to that of pressure gradient, and f is power factor
of the fluid, which represents difficult or easy degree for the fluid
to do work driving by external force, m2/s. The pump and fan are
general devices to provide a driving force to the fluid, and they
are the primary sources of forming power flux distribution in the
flow field. So, Eq. (2) constructs a constitutive relation between fluid
power flux and pressure gradient, which reflects inherent nature of
the fluid. If power factor of the fluid is determined, the ability of the
fluid to do work at any place of flow field can be evaluated
quantitatively.

Besides, the constitutive Eqs. (1) and (2) have also shown the
mutual relations between transferring heat and doing work in
the flow field. Other correlative constitutive equations include
Fick’s law of mass diffusion [23,24], Newton’s law of fluid viscosity
[25], etc. These constitutive equations provide fundamental rela-
tions for establishing conservation equations to describe transport
processes in various application areas [26–29].

3. Mechanical energy conservation equation of the fluid

In describing heat, mass and momentum transportation, the
basic conservation equations in the steady state are as follows,

r � U ¼ 0; ð3Þ

qU � rU ¼ �rpþ lr2U; ð4Þ

qcpU � rT ¼ kr2T: ð5Þ
We know viscous force and momentum of the fluid in different

directions are

f x ¼ lru� quU; ð6Þ

f y ¼ lrv � qvU; ð7Þ

f z ¼ lrw� qwU: ð8Þ
If Eq. (3) is satisfied, the derivatives of Eqs. (6)–(8) should be

r � f x ¼ lr �ru�r � ðquUÞ ¼ lr2u� qU � ru; ð9Þ

r � f y ¼ lr �rv �r � ðqvUÞ ¼ lr2v � qU � rv ; ð10Þ

r � f z ¼ lr �rw�r � ðqwUÞ ¼ lr2w� qU � rw: ð11Þ
By introducing a unity vector n
! ¼ ð i

!
þ j

!
þ k

!
Þ, Eqs. (9)–(11) can

be written as

rðn! �f Þ ¼ lr2U � qU � rU: ð12Þ
From Eq. (12), the losses of viscous dissipation and momentum

of the fluid can be expressed as

U � rðn! �f Þ ¼ U � ðlr2U � qU � rUÞ; ð13Þ
and Eq. (4) can be written as a mechanical energy conservation
equation

U � rp ¼ U � ðlr2U � qU � rUÞ; ð14Þ
where U � rp represents mechanical energy provided by the exter-
nal force from the pump or fan to overcome the flow losses
expressed in Eq. (13).

From Eq. (2), fluid power flux at any point of flow field is

x
! ¼ ðxx i

!
þxy j

!
þxz k

!
Þ ¼ �f

@p
@x

i
!
�f

@p
@y

j
!
�f

@p
@z

k
!� �

: ð15Þ

In any transport process, the ability of the fluid to do work will
change due to the losses of viscous dissipation and momentum of
the fluid, which leads to the change of fluid power flux in the flow
field,

r �x! ¼ @

@x
i
!
þ @
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j
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k
!� �

¼ �fr2p: ð16Þ
According to conservation principle, the sum of mechanical

energies provided to the fluid and consumed by the fluid should
be zero. Thus, a new mechanical energy conservation equation of
the fluid is obtained as

U � rp ¼ fr2p; ð17Þ
or

qU � rp ¼ nr2p; ð18Þ
where n is power factor of the fluid not including fluid density, kg/
(m�s).

Now, we have two equations to find velocity and pressure in the
flow field, which are the momentum conservation Eq. (4) and the
mechanical energy conservation Eq. (17). Thus, the controlling
equations for describing fluid flow are closed and can be solved
numerically under different boundary conditions.

Table 1 lists conservation equations on transport variables of
temperature T , pressure p and concentration C respectively, and
constitutive equations on heat flux q, power flux x and diffusion
flux J. From the table, we can see the perfect symmetry in structures
of the equations. Furthermore, in the left side of each conservation
equation, the dot product between two vectors indicates physical
mechanism of transport phenomena. The relations among the all
vectors can be expressed by the following synergy angles [9,13],

b ¼ arccos
U � rT
jUjjrTj ; ð19Þ

h ¼ arccos
U � rp
jUjjrpj ; ð20Þ

a ¼ arccos
U � rC
jUjjrCj : ð21Þ

In above equations, if angle b is decreased, angle h will be
increased, which implies that more heat is transferred, and more
power is consumed; or vice versa. If angle a is decreased, more
component mass will be diffused; or vice versa.



Table 1
Conservation and constitutive equations for transport variables and migration quantities.

Transport variable Conservation equation Constitutive equation Migration quantity Driving force Synergy angle

T U � rT ¼ ar2T q
! ¼ �krT q rT b

p U � rp ¼ fr2p x
! ¼ �frp x rp h

C U � rC ¼ Dr2C J
!
¼ �DrC J rC a
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In Table 1, the two-order derivatives in the right sides of conser-
vation equations reflect heat diffusion, power dissipation and mass
diffusion respectively, and the unit of transport coefficient a, f or D
is m2/s. In addition, the constitutive equation in the table reflects
the relation between migration quantity (heat, power, or diffusion
flux) and driving force (temperature, pressure, or concentration
gradient), in which the flux represents transfer rate per unit area.
Fig. 2. Fluid velocity curves in the center section of parallel tunnel for the water and
air.

Fig. 3. Fluid velocity profiles in the cross section along parallel tunnel for the water.
4. Numerical algorithm and model verification

To verify Eqs. (2) and (17), and determine the fluid power factor
f, the FORTRAN language is used in developing an algorithm called
CAPVE (Coupling Algorithm for Pressure and Velocity Equations) to
solve Eqs. (4) and (17), which is then compared with the conven-
tional SIMPLE algorithm. A two-dimensional parallel tunnel with
H = 20 mm in height and L = 1200 mm in length is chosen as a
physical model (see Fig. 1). A uniform grid of 20 � 600 was chosen,
and its independence was confirmed carefully. The fluids chosen in
the calculation are water and air respectively.

In the numerical calculations, the boundary conditions for Eqs.
(4) and (17) have been chosen as: fluid inlet velocity is 0.025 m/s,
and fluid inlet pressure is 1 atm in both algorithms; Fluid pressures
along the walls of parallel tunnel in the CAPVE algorithm are the
same as that in the SIMPLE algorithms; one-order gradient of fluid
velocity in the tunnel outlet is zero in the SIMPLE algorithm, and
two-order gradient of fluid pressure in the tunnel outlet is zero
in the CAPVE algorithm.

Fig. 2 shows fluid velocity curves in the center section of paral-
lel tunnel for the water and air. In the figure, we can see that what-
ever the CAPVE or SIMPLE algorithm is adopted, their velocity
curves are quite coincident, and the length of inlet segment of
the air is much less than that of the water. Because of the consis-
tency of curves calculated by two algorithms, the present constitu-
tive and conservation equations are well proved, and power factors
of the fluids are determined by the numerical calculations:
fw ¼ 0:15 for the water and fa ¼ 35:8 for the air.

Figs. 3 and 4 are fluid velocity profiles in the cross section along
parallel tunnel for the water and air. From the figures, we can see
that velocity profiles both for the water and air are also quite
coincident along the parallel tunnel, which show parabolic distri-
butions in the fully-developed segment. All curves calculated by
the SIMPLE algorithm in this paper had also been checked by the
FLUENT software, which well verified the present theoretical
model. If solving energy Eq. (5) by coupling with Eqs. (4) and
Fig. 1. The schema of a physical model
(17), temperature distributions of the water and air can also be
found. In addition, the CAPVE algorithm has shown very good con-
vergence. When iteration step was near 2000, the stable solutions
of velocity and pressure were obtained in the calculations.
of two-dimensional parallel tunnel.



Fig. 4. Fluid velocity profiles in the cross section along parallel tunnel for the air.
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Based on the foregoing analysis, we can see that the possible
advantages of using the CAPVE algorithm are to improve the con-
vergence and accuracy of the algorithm especially in calculating
the complex flow models with larger pressure gradient, because
the proposed conservation equation on fluid mechanical energy
is easy to solve numerically. So, the application foreground in com-
putational fluid dynamics for adopting the present algorithm has
been displayed.
5. Conclusions

In this paper, a constitutive relation for fluid flow is established
to describe the ability of the fluid to do work, which reflects inher-
ent nature of the fluid. Then, a mechanical energy conservation
equation is constructed as a controlling equation to describe phys-
ical mechanisms of fluid flow. The study shows that when coupling
the Navier-Stokes equation with the proposed conservation equa-
tion on fluid mechanical energy, fluid velocity and pressure can be
found numerically. This may provide a method of computational
fluid dynamics to analyze transport phenomena.
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