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A B S T R A C T

Renewable energy-driven micro combined heat and power systems offer a clean and efficient solution for energy
supply in residential and commercial buildings. This paper presents a novel model for a biogas-fired Stirling
engine-based micro combined heat and power system, and establishes the mathematical relationships between
geometric and operational parameters of components and the system’s thermal-electric performance. To improve
the accuracy of system performance prediction, the model meticulously considers the intricate heat-to-work
conversion and thermal energy transfer processes, incorporating the finite heat transfer capacity and poly-
tropic endothermic/exothermic processes in the heat exchangers of the prime mover. The reliability of the
system model is verified, and constructal theory is introduced to optimize the critical geometric variables of
thermal energy transfer components within the system based on the new model. The results demonstrate that
compared to the performance before optimization, the electrical power output of the system increases by 142.8
%, while heat output efficiency and overall efficiency increase by 20.5 % and 10.5 %, respectively. This work
provides a new approach and perspective for the mathematical modeling, performance assessment, and opti-
mization design of Stirling engine-based micro combined heat and power systems.

1. Introduction

The continuous development of society and economy has led to a
rapid increase in global energy demand. Within total energy consump-
tion, energy utilization within buildings accounts for 30–45 % [1]. Heat
and electricity stand out as the primary forms of energy consumed
within buildings. The quest to produce and deliver these two energy
forms for buildings in a simple and efficient manner has emerged as a
prominent topic in energy research, representing a critical aspect for
both energy conservation and security [2]. Combined heat and power
(CHP) systems serve as devices adept at supplying both heat and elec-
tricity with high efficiency, which can exceed 90 % after optimization
[3]. As a distributed energy integration system, the CHP system possess
the flexibility to adjust power generation capacity and thermal-electric
output ratio based on users’ needs, thereby effectively alleviating the
strain on grid load stability [4]. Moreover, being situated in close
proximity to users, CHP systems mitigate the heightened energy dissi-
pation associated with long-distance thermal-electric transmission [1].
Consequently, CHP systems have emerged as a promising solution for

meeting the energy demands of buildings.
CHP systems typically comprise a prime mover, a generator, and

several essential energy supply and transfer components [5]. These
systems are broadly classified into three sizes based on electrical power
output: micro (3–15 kW), small (15–100 kW), and large (over 100 kW)
[6]. Micro- and small-CHP systems, tailored to meet the electricity de-
mands of residential and small commercial buildings, hold the most
promising applications. Currently, various prime movers [7] employed
for converting heat into work in CHP systems include steam engines [8],
gas turbines [9], internal combustion engines [10], ORCs [11], ther-
mophotovoltaic devices [12], fuel cells [13], geothermal systems [14],
and Stirling engines [15]. Each type of CHP system, depending on the
prime mover used, presents distinct advantages in different energy types
and application scenarios. Stirling engines, renowned for their high
theoretical thermal efficiency (equivalent to Carnot cycle efficiency) and
moderate electrical power output range (1–50 kW) [6], are especially
suitable for micro- and small-CHP systems catering to building energy
needs. Additionally, Stirling engine-based CHP systems offer benefits
such as low noise, environmentally friendly operation, and minimal
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maintenance costs [16]. On the other hand, historically, CHP systems
primarily relied on fossil fuels like coal, oil, and natural gas as their main
sources of primary energy [17]. However, with increasing awareness of
the environmental pollution associated with fossil fuel use, cleaner and
renewable energy sources like solar energy, geothermal energy,
hydrogen, and biomass fuels have become preferred primary energy
sources for CHP systems [18]. Among these, biomass fuels, with their
abundant reserves, low cost, and high energy supply temperatures, are
particularly suitable for ensuring the stable and efficient operation of
Stirling engine-based CHP systems [19]. In this study, the primary en-
ergy source utilized is a gaseous biomass fuel: biogas, offering the
advantage over solid biomass fuels of being less likely to cause fouling in
the system [6]. Nevertheless, despite the impressive theoretical effi-
ciency and environmental friendliness demonstrated by renewable
energy-driven Stirling engine-based CHP systems, their commercial
application remains limited. This limitation primarily arises from
various irreversible heat transfer and flow losses resulting from poor
design of system components, leading to suboptimal operational per-
formance and high unit costs of thermal-electric output [20]. Therefore,
optimizing the design of CHP systems is paramount to enhancing their
actual thermal-electric output performance and fostering their com-
mercial development.

To explore pathways for optimizing the comprehensive thermal-
electric performance of Stirling engine-based CHP systems, a series of
experimental tests and mathematical modeling have been undertaken to
analyze operational characteristics and the impact of parameters on
systems. Park et al. [21] designed and tested a kW-class free-piston
Stirling engine-based CHP system to analyze its dynamic operational
characteristics. The dual-opposed linear alternator in the free-piston
Stirling engine effectively addresses the mechanical force issues typi-
cally encountered between the dual pistons. Chen et al. [22] incorpo-
rated thermophotovoltaic technology into a Stirling engine-based CHP
system to further enhance its performance. Taguchi method was applied
to optimize the fuel composition, fuel–air ratio, and flowrate mixture
within the system. Subsequently, they also employed the Taguchi
method to improve the performance of a Stirling engine-based CHP
system integrated with a fluidized-bed biofuel unit, optimizing param-
eters such as sand height, air flow rate, and biomass feed rate [23].
Similarly, Schneider et al. [24] conducted experimental research on a
fluidized-bed-fired Stirling engine-based CHP system. They tested the
effects of operational parameters like fuel flow rate, excess air ratio, and
cooling temperature on system performance, achieving 13–15 % elec-
trical efficiency and over 85 % overall fuel utilization. Aunon-Hidalgo
et al. [25] were the first to establish a Stirling engine-based CHP sys-
tem that includes solar photovoltaic and thermal units, where the Stir-
ling engine unit achieved a maximum efficiency of 93.9 %, meeting 75.6
% of the total residential thermal and electrical demand. These experi-
mental investigations yield intuitive and accurate results, playing an
indispensable role in the development and validation of CHP system
technology. However, due to long testing cycles and high economic
costs, they are unsuitable for large-scale parameterized research and
optimization with high data demands, especially when involving
changes in geometric parameters of the system.

In contrast, mathematical modeling methods are simple and effi-
cient, and with continuous model refinements, their accuracy can pro-
gressively approximate experimental approaches, thereby significantly
contributing to the investigation and optimization of Stirling engine-
based CHP systems. Mehregan et al. [26] combined a proton exchange
membrane fuel cell with a Stirling engine for CHP applications, estab-
lishing mathematical models for both prime movers using thermody-
namic methods. They examined the impact of parameters such as engine
speed, temperature, and fuel cell heat flux density on overall system
performance and optimized the system using a multi-objective genetic
algorithm. Qiu et al. [27] employed finite element and computational
fluid dynamics methods to optimize the structural design of components
in a free-piston Stirling engine-based CHP system. They also utilized

Sage software to develop a one-dimensional thermodynamic model of
the Stirling engine, analyzing the dynamic characteristics of the piston
and rocking mode. Gonzalez-Pino [5] proposed a semi-empirical dy-
namic model for a natural gas-fired Stirling engine-based micro-CHP
system, considering the dynamic behavior during startup, normal
operation, and cooling phases. This model was derived based on mass
and energy conservation principles but required experimental determi-
nation of empirical parameters for solution. Subsequently, Zhu et al.
[28] used this dynamic model to conduct a techno-economic analysis of
a CHP system integrating a Stirling engine, hybrid photovoltaic-thermal
collectors, and energy storage. They also [29] developed a hybrid model
based on thermoacoustic theory to simulate a free-piston Stirling engine-
based CHP system, employing acoustic impedance matching and Sage to
emulate the acoustically resonant system. The model’s accuracy was
validated through experiments. These models have substantially
enriched our comprehension of the steady and transient operation
characteristics of CHP systems, as well as the influence mechanisms of
internal operational parameters. However, most of these models are
semi-empirical, relying on experimental data, and lack rigorous
modeling of the intricate energy conversion and coupled thermal energy
transfer processes among subsystems or components within the system.
This limitation hampers parameterized research and optimal design of
the system’s critical geometric structures, despite the significant impact
these parameters have on the overall performance of CHP systems.
Consequently, to bridge this gap, this paper establishes a novel Stirling
engine-based micro-CHP system model from the perspectives of ther-
modynamics and heat transfer theory, taking into account the detailed
influence of geometric configurations on internal heat-to-work conver-
sion and thermal energy transfer processes.

In mathematical modeling of CHP systems, effective evaluation of
the internal heat-to-work conversion performance of its prime mover is
essential for predicting the system’s overall output performance pre-
cisely. Currently, the most commonly used modeling method for Stirling
engines is second-order numerical analysis. Compared to other methods,
it offers moderate modeling complexity, shorter computation time cy-
cles, and can achieve higher prediction accuracy by coupling various
irreversible energy loss correction terms [30]. In second-order analysis,
the Stirling engine is typically simplified into five components: two
working chambers (compression chamber and expansion chamber) and
three heat exchangers (heater, regenerator, and cooler) [31]. As re-
searchers deepen their understanding of operation characteristics for
Stirling engines, thermal models based on isothermal [32], adiabatic
[33], and polytropic [34] compression/expansion processes have been
successively proposed. Improved versions based on these three types of
models have also been extensively developed, gradually enhancing the
accuracy of engine performance prediction. However, all previous
second-order models have been formulated and developed based on
various assumptions concerning the compression and expansion pro-
cesses within the working chambers. They all share the common
assumption that the working gas experiences isothermal endothermic
and exothermic processes within the heater and cooler, respectively.
This overlooks the effectiveness of heat transfer between the internal
heat exchangers and external heat sources. In practical endothermic and
exothermic processes, the heat transfer capacity of the heater and cooler
is limited. With the periodic changes in the mass flow rate of the working
gas entering the heater and cooler during the cycle, the temperature of
the gas within the heat exchangers cannot remain constant. Instead, it
undergoes actual variations that align more closely with complex pol-
ytropic processes. Therefore, this paper, for the first time according to
the authors’ knowledge, replaces the isothermal endothermic and
exothermic processes with polytropic ones, and, in conjunction with the
previous analysis of polytropic working processes, establishes a new
Stirling engine-generator submodel incorporating polytropic endo-
thermic/exothermic and compression/expansion processes (SPEC) for
theoretical analysis of CHP systems.

Based on the considerations mentioned above, the objective of this
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study is to construct a novel Stirling engine-based micro-CHP system
model that meticulously considers the complicated heat-to-work con-
version and thermal energy transfer processes within the system, using
the new SPEC analysis. This model aims to establish mathematical re-
lationships between the system’s comprehensive thermal-electric per-
formance and the geometric configurations of its components, serving as
an efficient and convenient theoretical tool for the investigation and
optimization of important structural parameters within micro-CHP
systems. Various subsystems are formulated and integrated using prin-
ciples of mass and energy conservation, as well as heat transfer theory,
to determine key operational parameters (such as fuel mass flow rate,
temperatures of hot flue gas, water, and exhaust gas) of the system and
significant thermal-electric performance criteria. By rigorously vali-
dating the predictive accuracy of the core heat-to-work conversion
performance within the system, the reliability of the proposed micro-
CHP system model has been demonstrated. Subsequently, the crucial
geometric configurations of the thermal transfer components (regener-
ator, heater, cooler, and heating boiler) within the system are optimized
based on the new micro-CHP system model. To enhance the rationality
of the optimization results, the efficient constructal theory [35] in en-
gineering design and optimization is introduced. By considering the
overall geometric constraints and local geometric coupling effects of
each component, synergistic optimization of geometric parameters is
achieved [36]. In contrast to traditional optimization methods, con-
structal theory focuses more on the evolution of optimal geometry for
achieving best performance in finite-size systems, rather than solely on
performance itself [37]. Additionally, in constructal design of the
regenerator, considering the significant influence of regenerator char-
acteristics on the Stirling engine’s heat-to-work conversion performance
[38], a design concept of inclined-flow regenerator was previously
proposed by the author [39] to achieve higher comprehensive heat and
mass transfer performance compared to traditional cross-flow [40] and
parallel-flow [41] regenerators. The potential of inclined-flow re-
generators to improve Stirling engine performance has been prelimi-
narily demonstrated [42]. Here, their feasibility in enhancing the
comprehensive thermal-electric performance of micro-CHP systems will
be further validated. Overall, the main innovations of this work include:

(1) Construction of a novel Stirling engine-based micro-CHP system
model that meticulously considers the influence of geometric
configurations of components on system’s complex heat-to-work
conversion and thermal energy transfer processes.

(2) Proposal of a new Stirling engine-generator submodel incorpo-
rating polytropic endothermic/exothermic and compression/
expansion processes.

(3) Optimization of crucial geometric parameters of thermal energy
transfer components within the micro-CHP system based on
constructal theory.

(4) Investigation and comparison of the effects of regenerators with
different matrix structure types on the performance of Stirling
engine-based micro-CHP systems.

2. Description of Stirling engine-based micro combined heat and
power systems

The component composition of the Stirling engine-based micro-CHP
system is depicted in Fig. 1. The system primarily comprises a Stirling
engine, generator, combustion chamber, heater, and gas, water, and
electrical networks. During system operation, a mixture of biogas and
air, in a specified ratio, is ignited in the combustion chamber, releasing
heat. A portion of this heat is transferred to the Stirling engine’s heater
via convective and radiative heat transfer, after which the hot flue gas
enters the heating boiler shell side to exchange heat with water inside
the pipes, significantly cooling down before exiting the boiler as exhaust
gas. The heat entering the Stirling engine through the heater is con-
verted into mechanical energy of the piston within the engine, further

transformed into electrical energy within the generator, and supplied to
the building via the local power grid. On the other hand, cold water from
the building’s supply network initially enters the external water jacket
of the Stirling engine’s cooler to cool the working gas inside the cooler
tubes, and the warmed water proceeds to flow into the heating boiler
tubes, where it absorbs additional heat from the external flue gas.
Finally, the hot water exits the heating boiler and flows into the building
through the water circulation network.

When compared to a standalone condensing boiler, the CHP system
can not only provide sufficient heat output but also convert some of this
heat into higher-grade electrical power, leading to greater economic
benefits. Moreover, by utilizing clean biomass energy sources like biogas
to meet both electricity and heat needs within buildings, CHP systems
also offer enhanced environmental friendliness. A significant concern is
that the Stirling engine-based CHP system may incur higher installation
and maintenance costs compared to a standalone condensing boiler.
However, the extra cost might be offset by the additional economic
benefits derived from the electrical power generated by the Stirling
engine.

2.1. Subsystems in the combined heat and power system

Based on the mass flow of various fluids and the energy transfer and
conversion processes during the operation of the Stirling engine-based
micro-CHP system described above, the system can be simplified into
three subsystems: the combustion chamber (CC) subsystem, the Stirling
engine-generator (SE-G) subsystem, and the heating boiler (HB) sub-
system, as depicted in Fig. 2. Assuming full combustion of the biogas and
disregarding energy losses in the gas, water, and electrical networks,
Fig. 2 also illustrates the energy flows between subsystems. In the figure,
Ḣfuel and Ḣair denote the enthalpies of the biogas fuel and air entering the
CC, respectively, while Q̇conv and Q̇radi are the heat transferred from the
hot flue gas to the SE-G through convective and radiative means. Pel and
Ėloss denote the electrical power output and energy losses of the SE-G.
ḢHG and Ḣexh are the enthalpies of the hot flue gas and exhaust gas,
respectively, while Ḣw,i, Ḣw,md and Ḣw,o represent the enthalpies of the
water at the inlet and outlet of the Stirling engine cooler’s external water
jacket and at the HB’s outlet. In the following section, various sub-
systems of the micro-CHP system will be mathematically modeled and
integrated based on the energy flows between them, as well as the mass
and energy conservation relationships within each subsystem.

Fig. 1. Component composition of the Stirling engine-based micro-CHP system.
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2.2. Stirling engine-Generator subsystem modeling

Herein, a new thermal model incorporating polytropic endothermic/
exothermic and compression/expansion processes (SPEC) is proposed
for the SE-G subsystem, where the physical field distribution and energy
transfer are illustrated in Fig. 3(a). In this model, subscripts c, k, r, h, and
e respectively denote the compression chamber, cooler, regenerator,
heater, and expansion chamber of the Stirling engine, while double
subscripts ck, kr, rh, and he represent the interfaces between adjacent
components. V denotes the volume of each component, and p, T, and m
respectively indicate the pressure, temperature, and mass or mass flow
rate of the working gas within the components. Q and W represent the
heat absorbed from and work done on the external environment by each
component, respectively. In previous classical analyses, including
isothermal, adiabatic, and polytropic approaches, the focus of modeling
was primarily on the assumptions regarding the compression and
expansion processes within the working chambers, overlooking the
effectiveness of endothermic and exothermic processes within the heat

exchangers. In these models, the temperature of the gas inside the heater
and cooler was assumed to remain constant throughout the cycle, i.e., Th
= Constant, Tk = Constant, disregarding the limited heat transfer ca-
pacity of the heater and cooler in actual heat exchange processes.
Therefore, distinct from all previous second-order thermal models, the
present SPEC model substitutes the isothermal endothermic/exothermic
processes within the engine to be polytropic ones. Additionally, in the
derivation of the original differential equation system, the pressure drop
across each heat exchanger and the imperfect regenerative process
within the regenerator are taken into account, thereby correcting the
instantaneous pressure values within each component and the outlet
temperature values of the gas at both ends of the regenerator. In sum-
mary, the important assumptions underlying the derivation of the dif-
ferential equation systems in the present model are as follows:

(1) The compression and expansion processes within the working
chambers are polytropic.

(2) The endothermic and exothermic processes within the heater and
cooler are polytropic.

(3) The instantaneous pressure of each component is different.
(4) The effectiveness of the regenerator is less than 1.

Therefore, in the current model, the temperature profiles of the
various components of the Stirling engine are illustrated in Fig. 3(b).
Unlike in previous second-order models, where the gas temperature
within the three heat exchangers remains constant, in the new model,
due to the polytropic feature of the working and heat transfer processes
within the compression/expansion chambers and heater/cooler, the
instantaneous average temperature of the gas within the five engine
components undergoes periodic variations within distinct ranges.

Based on the mass and energy conservation in the current model, the
detailed derivation process of the SE-G submodel is provided in Sup-
plementary Material with Eqs. (S1)-(S60). Consequently, the instanta-
neous heat transfer of the gas within the heater, cooler, and regenerator
to external heat sources or matrix can be determined as:

dQpoly,k = cv
Vkdpk
R

+mkrcpTkr − mckcpTck (1)

dQpoly,h = cv
Vhdph
R

+mhecpThe − mrhcpTrh (2)

dQr = cv
Vrdpr
R

+mrhcpTrh − mkrcpTkr (3)

where cv, cp, and R signifies the specific heat at constant volume of the

Fig. 2. Three subsystems and energy flows between subsystems in the CHP system.

Fig. 3. Physical field distribution and energy transfer within the new
SPEC model.
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gas, specific heat at constant pressure of the gas, and gas constant,
respectively.

The instantaneous ideal work performed within the compression
chamber and expansion chamber respectively is:

dWc = pcdV (4)

dWe = pedV (5)

Therefore, based on the derived instantaneous heat transfer rates and
ideal work, and accounting for the various energy losses during system
operation, the actual electrical power output of the SE-G subsystem is
calculated as follows (ignoring energy losses within the generator):

Pac =Wacf − Phy =
{∫

{
(dWc + dWe) − dWpd − dWFSTandmech

}
}

f − Phy

(6)

where Phy represents the power loss due to gas spring hysteresis, dWpd
denotes the power loss caused by pressure drop within the heat ex-
changers, and dWFST and mech indicates the power loss resulted from the
finite motion of the piston and mechanical friction, with their expres-
sions detailed in Eqs. (S70), (S66), and (S67) in Supplementary Material,
respectively. Wac stands for the actual cyclic work output of the engine
without including the loss due to gas spring hysteresis, while f represents
the engine frequency.

The actual heat absorption and release rates are as follows:

Q̇h,ac = Qh,acf =
{∫

(
dQpoly,h + dQr,loss + dQcond,r + dQcond,d + dQleak

)
}

f

(7)

Q̇k,ac = Qk,acf
{∫

(
dQpoly,k − dQr,loss − dQcond,r − dQcond,d − dQleak

)
}

f (8)

where the terms dQr,loss, dQcond,r, dQcond,d, and dQleak represent the heat
losses caused by imperfect regeneration, heat conduction through the
regenerator wall, heat conduction through the displacer wall, and gas
leakage, respectively, which are calculated using Eqs. (S62)-(S65) in
Supplementary Material. Qh,ac and Qk,ac denote the actual cyclic heat
absorption and heat release of the engine, respectively.

As a result, the thermal efficiency of the subsystem is calculated as:

ηac =
Pac
Q̇h,ac

(9)

2.3. Combustion chamber subsystem modeling

In a biogas fired CHP system, the fuel’s mass flow rate and the cor-
responding flue gas temperature during steady-state operation need to
be adjusted based on the system’s heat demands under specific geom-
etries and conditions. Additionally, in the control of Stirling engine-
based CHP systems, the heater wall temperature (TH) of the Stirling
engine is typically maintained around a reasonably expected value to
ensure the safe and efficient operation of the engine. Therefore, in
modeling the CC subsystem, based on the given heater wall temperature
(TH) and its corresponding heat demand, energy conservation and
thermal energy transfer equations are applied to solve for the mass flow
rates of fuel and air entering the CC, as well as the temperature of the
flue gas.

The energy conservation equation for the CC subsystem is:

Ḣfuel+ Ḣair = ḢHG + Q̇h,ac (10)

In the above equation, Ḣfuel, Ḣair, and ḢHG represent the enthalpy of the
fuel, air, and hot flue gas, respectively. The enthalpy of the fuel and air
entering the CC are:

Ḣfuel = LHV⋅ṁmeth +
∑

hcompṁcomp (11)

Ḣair = ṁair⋅hair (12)

where LHV represents the lower heating value of effective energy
component (methane, CH4) in biogas, which is taken as 50143 kJ/kg
[43]. hair and hcomp denote the specific enthalpy of air and other com-
ponents in biogas, while ṁair, ṁmeth and ṁcomp represent the mass flow
rates of air, methane, and other biogas components, respectively. The
volume and mass fraction of each biogas component are listed in
Table 1. To ensure complete combustion of the fuel, an excess air co-
efficient of 1.2 is applied.

The enthalpy of the hot flue gas within the CC can be expressed as
(assume full combustion of the fuel in the CC):

ḢHG = ṁHGcp,HGTHG =

(

ṁfuel + ṁair

)

cp,HGTHG (13)

where ṁHG, cp,HG, and THG represent the mass flow rate, specific heat at
constant pressure, and temperature of the hot flue gas, respectively.

In Eq. (10), the total heat transferred from the hot flue gas in the CC
to the Stirling engine heater can be divided into convective heat transfer
and radiative heat transfer:

Q̇h,ac = Q̇conv+ Q̇radi (14)

where the convective and radiative heat transfer between the flue gas
and the heater are represented as:

Q̇conv = hHOAHO(THG − TH) (15)

Q̇radi = εAHOσ0
(
T4HG − T4H

)
(16)

where ε represents the emissivity, which is assumed to be 1 in this study.
σ0 is the Stefan-Boltzmann coefficient. hHO denotes the convective heat
transfer coefficient between the flue gas and the heater tube wall, and it
can be determined using empirical formulas dependent on the Reynolds
number. AHO represents the outer surface area of the heater tube wall
and can be obtained using the following equation:

AHO = πNHLHDHO (17)

where NH, LH, and DHO denote the number, length, and outer diameter of
the heater tubes, respectively. By simultaneously solving Eqs. (10)-(16),
the mass flow rate of the fuel ṁfuel and temperature of the hot flue gas
(THG) in the CC can be determined.

2.4. Heating boiler subsystem modeling

In the CHP system, obtaining the water inlet temperature (Tw,i) is
usually straightforward, whereas the temperature of the Stirling engine
cooler wall (TK) is influenced by various operational and geometrical
parameters within the system. Therefore, the water inlet temperature
(Tw,i) and mass flow rate (ṁw) are specified, and the cooler wall tem-
perature is initialized to the water inlet temperature, i.e., T0K = Tw,i.
Before solving the energy balance equation for the HB subsystem, it is
necessary to determine the temperature of water entering the HB (Tw,
md). Tw,md can be obtained from the energy balance equation for the

Table 1
Volume and mass fractions of various components for biogas [44].

Component Methane
(CH4)

Carbon dioxide
(CO2)

Water
(H2O)

Hydrogen sulfide
(H2S)

Volume
fraction

60.0 % 38.0 % 2.0 % 100.0 ppm

Mass fraction 36.0 % 62.7 % 1.3 % 0 %

M. Yu et al.
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cooler:

Q̇k,ac = − ṁwcp,w
(
Tw,md − Tw,i

)
(18)

where cp,w represents the specific heat at constant pressure of water.
In the above equation, the heat transfer of the cooler (Q̇k,ac) is

calculated based on the initial cooler wall temperature (T0K), which in-
troduces a certain deviation from the actual value. To obtain a more
accurate heat transfer for the cooler, it is essential to correct the cooler
wall temperature accordingly. For the cooler, the following thermal
energy transfer equation can be applied to its outer surface:

Q̇k,ac = hKOAKO
(
TK − Tw,mK

)
(19)

where Tw,mK represents the average temperature of water inside the
cooler, calculated as Tw,mK =

(
Tw,i + Tw,md

)
/2. hKO denotes the convec-

tive heat transfer coefficient between water and the outer surface of the
cooler tube, similarly obtained from empirical formulas based on the
Reynolds number. AKO stands for the outer surface area of the cooler
tube, which can be determined using the following expression:

AKO = πNKLKDKO (20)

where NK, LK, and DKO represent the number, length, and outer diameter
of the cooler tube, respectively.

Combining Eqs. (18) and (19), the cooler wall temperature TK can be
iteratively corrected, thereby obtaining accurate values of Q̇k,ac and
Tw,md.

Next, the energy equations for the water side and the flue gas side of
the HB subsystem are formulated separately:

Q̇hb = Ḣw,o − Ḣw,md = ṁwcp,w
(
Tw,o − Tw,md

)
(21)

Q̇hb = ḢHG − Ḣexh = ṁHGcp,HGTHG − ṁHGcp,exhTexh (22)

where Ḣw,o and Ḣw,md stand for the enthalpy of the water in the outlet
and entering the HB, respectively. Tw,o represents the water outlet
temperature, while cp,exh and Texh denote the specific heat at constant
pressure and temperature of the exhaust gas at the outlet of the HB,
respectively.

Additionally, there is the thermal energy transfer equation:

Q̇hb = hhbAhboΔTexhw,m = hhbAhbo

(
THG − Tw,o

)
−
(
Texh − Tw,md

)

ln
( (
THG − Tw,o

)
/
(
Texh − Tw,md

) ) (23)

where ΔTexhw,m represents the logarithmic mean temperature difference
between the flue gas and water. hhb denotes the overall heat transfer
coefficient between the flue gas and water inside the HB, and Ahbo is the
outer surface area of the tube wall, calculated by the following two
equations:

hhb =
1

Dhbo
Dhbihhbi

+ 1
hhbo

(24)

Ahbo = πNhbLhbDhbo (25)

where Nhb, Lhb, Dhbo, and Dhbi represent the number, length, outer
diameter, and inner diameter of the water tubes inside the HB, respec-
tively. Meanwhile, hhbo and hhbi denote the heat transfer coefficient on
the outer and inner surfaces of the water tubes, respectively, which are
determined using empirical formulas based on their respective Reynolds
numbers.

The Reynolds numbers of the working fluids inside and outside the
water tubes are calculated as follows:

Rehbi =
ṁwDhbi
As,hbiμw

=
4ṁw

πDhbiμw
(26)

Rehbo =
ṁHGDhbo

As,hboμexh,m
(27)

where μexh,m represents the average viscosity of the flue gas inside the
HB. As,hbi and As,hbo respectively denote the average flow cross-sectional
areas of the working fluid inside and outside the water tubes in the HB,
where As,hbo is calculated as:

As,hbo =
LhbWhb

Nhbexh + 1
(28)

where Whb represents the width of the HB, and Nhbexh denotes the
number of baffles on the shell side.

By simultaneously solving Eqs. (21)–(23), the outlet temperature of
flue gas (Texh) and water (Tw,o) inside the HB can be obtained, thereby
determining the heat transfer between the flue gas and water within the
HB (Q̇hb).

Additionally, within the CHP system, a portion of the electrical
power output is consumed by the water pump to drive the circulation of
water within the system. The power consumption of the water pump
during its operation is given by:

Phb,loss = Δpw,hbi
ṁw

ρw
(29)

where Δpw,hbi denotes the pressure drop within the water tubes of the
HB.

2.5. Comprehensive performance evaluation of micro combined heat and
power systems

Based on the aforementioned three submodels, the actual electrical
power output of the Stirling engine-based micro-CHP system is:

Pel = Pac − Phb,loss (30)

Therefore, the electrical efficiency of the system is:

ηel =
Pel
Ḣfuel

(31)

The heat output efficiency and overall efficiency of the system are:

ηhe =
− Q̇k,ac + Q̇hb

Ḣfuel
(32)

ηto = ηel + ηhe (33)

However, the above overall efficiency only considers the comprehensive
effectiveness of energy utilization within the system, disregarding the
magnitude of the building’s electrical power demand. This may result in
insufficient electrical power output. Besides ensuring reasonable energy
utilization efficiency, achieving higher electrical power output is equally
crucial for CHP systems. By factoring in electrical power output into the
comprehensive performance evaluation, the system could potentially
achieve higher electrical power output, thus aiding in meeting the larger
peak electricity demands of buildings, even though this may require
more fuel supply. However, the surplus heat is not wasted but efficiently
utilized in hot water production. Therefore, to more effectively char-
acterize the comprehensive thermal-electric performance of the CHP
system, a dimensionless performance index F that simultaneously con-
siders the system’s electrical power and heat output efficiency is defined
based on specific performance base values:

F =

(
Pel

1 − ηhe
/

Pel,base
1 − ηhe,base

+
ηhe

ηhe,base

)

/2 (34)

where the subscript “base” denotes the performance of the CHP system
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under specific geometries chosen as a base point. It is noted that the
value of F represents the arithmetic mean of the improvement percent-
age in both electrical output and heat output performance relative to the
base value. When there is an overall performance improvement, F ex-
ceeds 1; conversely, when there is an overall performance decline, F is
less than 1.

2.6. Constructal optimization strategies

This study, based on constructal theory, employs the new model of
Stirling engine-based micro-CHP systems to perform geometric optimi-
zation of crucial thermal energy transfer components within the system,
aiming to explore avenues for enhancing the system’s overall thermal-
electric performance. Constructal optimization typically focuses on the
evolution of local dimensions under reasonable global geometric con-
straints to achieve optimal system performance [36]. Herein, the global
geometric constraints and coordinated optimization strategies of the
significant local geometric parameters for thermal energy transfer
components are presented.

(1) Regenerator

The dead volume and matrix volume of the regenerator are vital for
its heat and mass transfer performance. To ensure that changes in vol-
ume do not obscure the impact of local geometry on system perfor-
mance, the total volume of the regenerator is maintained constant:

Vrt =
π
4
(
D2RO − D2RI

)
LR = Constant (35)

where LR, DRO, and DRI represent the length, outer diameter, and inner
diameter of the regenerator, respectively.

Additionally, constrained by the cylinder diameter of the Stirling
engine, the inner diameter of the regenerator remains constant. There-
fore, the local dimensions of the regenerator will vary together under a
single degree of freedom, with this study focusing on the regenerator
length (LR) as the primary research variable. Furthermore, the porosity
of the regenerator significantly influences the interaction between the
gas and the matrix. Hence, the porosity (φ) is considered as the sec-
ondary research variable.

(2) Heater

The dead volume within the heater significantly impacts system
performance. To highlight the role of local geometric construction, the
total dead volume within the heater is kept constant:

Vh =
π
4
NHLHD2h = Constant (36)

The equation above indicates that variations in the local geometric pa-
rameters of the heater possess dual degrees of freedom. Therefore, the
primary research variable chosen here is the length of the heater tube
(LH), while the number of heater tubes (NH) serves as the secondary
research variable.

(3) Cooler

Similar to the heater, the total dead volume of the cooler is kept
constant.

Vk =
π
4
NKLKD2k = Constant (37)

Likewise, changes in the local geometric parameters of the cooler also
exhibit dual degrees of freedom. Herein, the length of the cooler tube
(LK) is selected as the primary research variable, while the number of
cooler tubes (NK) serves as the secondary research variable.

(4) Heating boiler

Typically, the global dimensions of the heating boiler are constrained
by limited installation space. Here, the length (Lhb) and width (Whb) of
the heating boiler are maintained constant. Additionally, to ensure
consistent heat exchange time for water within the heating boiler at the
same flow rate, the internal volume of the water tubes remains constant.
Consequently, the geometry of the heating boiler is governed by the
following constraints:

Lhb,Whb = Constant (38)

Vhbi =
π
4
NhbLhbD2hbi = Constant (39)

In Eq. (39), the local geometric parameters of the heating boiler expe-
rience coordinated variations under a single degree of freedom, with the
number of water tubes (Nhb) chosen as the primary research variable.
Moreover, the number of baffles (Nhbexh) inside the heating boiler
notably impacts the flow of flue gas outside the tubes, thus serving as the
secondary research variable.

2.7. Model solution methods

In this study, a Matlab code for numerically solving the Stirling
engine-based micro-CHP system model has been developed. The algo-
rithmic flowchart of the code is depicted in Fig. 4. Initially, the essential
geometric dimensions of various components within the micro-CHP
system, along with specified operational parameters such as the Stir-
ling engine’s hot-end temperature (TH), water mass flow rate (ṁw), and
water inlet temperature (Tw,i), need to be input. Subsequently, the
Stirling engine’s cold-end temperature (TK) is initialized to the water
inlet temperature. Based on these known geometric and operational
parameters, the temperature, pressure, mass, and polytropic index of the
secondary components within the SPEC model (SE-G submodel) are
initialized. Following this, the SPEC model is iteratively solved using the
fourth-order Runge-Kutta (RK-4) method and the determined initial
values until the physical fields within the Stirling engine reach a state of
periodic stability, indicating convergence of the submodel calculation.

Once the SPEC model converges, the ideal output performance and
various energy losses of the SE-G subsystem are computed based on the
steady physical fields of the SE. This further yields modified electrical

Fig. 4. Algorithmic flowchart of the current micro-CHP system model.
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power output and heat transfer rates. Subsequently, the heat absorption
rate (Q̇h,ac) and heat release rate (Q̇k,ac) obtained from the SE-G sub-
model are respectively input into the CC and HB submodels to determine
the system’s gas mass flow rate (ṁfuel), hot flue gas temperature (THG),
and modified cooler wall temperature (TK). If the modified value of TK
differs from its initial value, the initial value of TK is replaced with the
newmodified value, and the three submodels are re-solved until the new
modified value of TK equals the original value.

When the calculation of TK converges, the modified Q̇k,ac and THG of
the SE are input into the HB submodel to solve for the water temperature
(Tw,o) and the exhaust gas temperature (Texh) at the HB outlet. Subse-
quently, the heat transfer rate between water and flue gas (Q̇hb), as well
as the pump power consumed by water flow (Phb,loss) inside the HB tubes,
is calculated. Finally, based on the obtained SE-G electrical power
output, pump power consumption, and water-flue gas heat exchange,
the actual electrical power and heat output performance of the micro-
CHP system are determined, resulting in the comprehensive perfor-
mance index F value.

3. Results and discussion

This section first discusses the accuracy of the micro-CHP system
model. Then, constructal optimization of the key thermal energy
transfer components within the system is performed, and the overall
thermal-electric performance, as well as the critical parameter combi-
nations before and after optimization, are compared.

3.1. Validation of the micro combined heat and power system model

The heat-to-power conversion processes within the CHP system
occur exclusively within the SE-G subsystem, while only thermal energy
transfer processes exist within the CC and HB subsystems. In the present
model, the predictive formulas for the performance of thermal energy
transfer processes primarily stem from theoretical derivations and
experimental data fitting found in the public literature, whose efficacy
has been thoroughly validated through long-term engineering practice.
Therefore, this study does not further validate the accuracy of modeling
the CC and HB subsystems. Instead, only the new SE-G submodel is
evaluated to verify its accuracy in predicting the critical heat-to-power
conversion performance of the system.

The GPU-3 β-type Stirling engine, manufactured by General Motors
[45], is extensively employed for validating Stirling thermal models. In
this study, the geometric and operational parameters of this engine are
integrated into the present SPEC model to assess its performance. The
primary specifications of the GPU-3 Stirling engine are summarized in
Table S1 in Supplementary Material. The engine’s output power and
thermal efficiency predicted by the present model are compared with
experimental data from NASA Lewis Research Center [45], along with
numerical results from other thermal models such as Simple (Urieli et al.
[33]), Simple II (Babaelahi et al. [46]), Combined Adiabatic-Finite
Speed thermal model (CAFS, Hosseinzade et al. [47]), Polytropic-
Finite Speed thermodynamics (PFST, Hosseinzade et al. [48]), Poly-
tropic Analysis of Stirling Engine with Various Losses (PSVL, Babaelahi
et al. [34]), Polytropic Stirling Model with Losses (PSML, Li et al. [49]),
and Modified Non-ideal thermal model of Stirling Engines with Various
Losses (MSVL, Udeh et al. [50]).

Fig. 5 depicts the comparison between the output power and thermal
efficiency predicted by the present model and other thermal models,
against experimental values, at different engine speeds with a heat
source temperature of 922 K, a heat sink temperature of 286 K, and an
average pressure of 4.14 MPa. It is evident that across the engine speeds
within the entire investigated range, the present model accurately pre-
dicts both output power and thermal efficiency, showing good agree-
ment with experimental values and demonstrating consistent trends. As
illustrated in Fig. 5(a), compared to other thermal models, the accuracy

of output power predicted by the present model significantly surpasses
that of the Simple, Simple II, CAFS, and PFST, approaching the level of
PSML and MSVL models. However, at low engine speeds, the present
model predicts slightly higher deviations in output power compared to
the PSML and MSVL models. This discrepancy may stem from the
omission of power losses caused by gas leakage from the expansion
chamber to the compressor chamber through the clearance between the
displacer and the cylinder wall in the present model. As the engine speed
increases, power losses attributed to heat exchanger pressure drop,
mechanical friction, limited piston motion, and gas spring hysteresis
escalate rapidly, resulting in a decrease in the proportion of working
chamber gas leakage losses to total power losses, thereby enhancing the
accuracy of the present model.

Additionally, as depicted in Fig. 5(b), the present model exhibits the
highest level of accuracy in predicting thermal efficiency across all
speeds. This is because the original differential equation derivation of
the current model not only incorporates the effects of irreversible factors
such as heat exchanger pressure drop and imperfect regeneration, which
are typically not addressed in most thermal models, on the transient
physical field distribution and its variation in components, but also
synchronously considers changes in engine operational characteristics
due to polytropic compression/expansion and endothermic/exothermic
processes. Consequently, the present model can more accurately predict
the heat transfer between the Stirling engine and external heat sources/
sinks through the heater/cooler, resulting in more accurate engine
thermal efficiency values.

When the average pressure of the gas within the Stirling engine de-
creases, it leads to variations in the predictive accuracy of different
thermal models for engine performance. Fig. 6 presents a comparison
between the output power and thermal efficiency calculated by the

Fig. 5. Comparison between the output power and thermal efficiency predicted
by the SPEC model and other thermal models, against experimental values at
different engine speeds under an average pressure of 4.14 MPa.
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present model and other thermal models against experimental values
within the range of engine speeds studied, with a heat source temper-
ature of 922 K, a heat sink temperature of 286 K, and an average pres-
sure of 2.76MPa. As depicted in Fig. 6(a), the present model consistently
reproduces output power trends that align with experimental values.
Across most speed ranges (Neng = 2000–3500 rpm), the output power
predicted by the current model closely aligns with experimental values,
exhibiting only slightly higher deviations at lower speeds (Neng < 2000
rpm). When the speed drops below 1500 rpm, the predictive accuracy of
the present model is slightly lower than that of the PSVL, PSML, and
MSVL models but higher than that of the Simple, Simple II, CAFS, and
PFST models. Conversely, when the speed exceeds 2000 rpm, the pre-
dictive accuracy of the present model for engine output power surpasses
that of all other thermal models. This is attributed to the more precise
assumptions concerning polytropic working and heat transfer processes
within the current model, as well as the correction of instantaneous
pressure for each component.

In Fig. 6(b), the present model successfully predicts the trend of
thermal efficiency, exhibiting a stable state with increasing speed (Neng
= 1000–1500 rpm) followed by a progressively intensified monotonic
decrease (Neng = 1500–3500 rpm). Similarly, at lower speeds, a slightly
higher deviation in predicted output power leads to a marginally in-
crease in the deviations of thermal efficiency relative to experimental
values. However, as the speed increases, the predictive accuracy im-
proves significantly. Additionally, at all speeds, the predictive accuracy
of the SPEC model exceeds that of the Simple, Simple II, CAFS, PFST,
PSVL, and PSML models, only falling behind the MSVL model when the
speed is below 2000 rpm. However, as the speed exceeds 2000 rpm, the
predictive accuracy of the present model for engine thermal efficiency
surpasses that of the MSVL model. This is also attributed to the former’s

more precise assumptions regarding polytropic processes within the
working chamber and heat exchanger, resulting in more accurate output
power and heat absorption. Therefore, through the comprehensive
comparison of the predicted results in Figs. 5 and 6, the proposed pre-
sent model demonstrates a high level of accuracy in predicting the heat-
to-power conversion performance of Stirling engines across a broader
range of operational conditions.

3.2. Constructal optimization of key thermal energy transfer components
in the system

Similarly, a case study on the micro-CHP system model is conducted
based on the specifications of the GPU-3 β-type Stirling engine [45] to
evaluate the model’s feasibility in predicting and optimizing the
comprehensive thermal-electric performance of the system. In the
following, constructal optimization is performed on four crucial thermal
energy transfer components within the system: the regenerator, heater,
cooler, and heating boiler, and a comparison of the primary output
performance of the system, along with their corresponding key geo-
metric and operational parameters, is conducted before and after
optimization.

3.2.1. Regenerator
Fig. 7 presents the variations in various thermal-electric performance

criteria of the micro-CHP system with three different types of re-
generators as a function of regenerator length (LR). The comprehensive
performance index F is calculated using the GPU-3 Stirling engine’s
original cross-flow regenerator with a porosity (φ) of 0.7 and a length of
22.6 mm as the base structure. At this point, the micro-CHP system
yields an electrical power output (Pel) of 2584 W, with heat output and
overall efficiency (ηhe and ηto) of 77.8 % and 87.2 %, respectively. It is
evident that with increasing regenerator length, the electrical power
output of the micro-CHP system decreases due to amplified pressure
drop losses within the regenerator. However, the impact of regenerator
length variations on the comprehensive thermal-electric performance
index F varies among the three types of regenerators. Within the micro-
CHP system, besides the fraction of heat converted into electrical power
and power losses, the remaining heat generated by the fuel dissipates
through water and exhaust gas. As the regenerator length changes, the
Stirling engine’s ideal work remains constant, implying the sum of
electrical power and power losses remains constant. At this stage, the
system’s heat output performance is primarily influenced by the pro-
portion of heat carried away by the exhaust gas, contingent upon the
effectiveness of heat transfer between water and exhaust gas in the HB.

Specifically, in the case of the cross-flow regenerator, its high
regeneration effectiveness leads to reduced heat absorption re-
quirements by the Stirling engine, resulting in a smaller fuel mass flow
rate. Consequently, the flue gas velocity within the HB is low, facilitating
sufficient time for heat transfer between the flue gas and water. At this
moment, the effectiveness of heat transfer between gas and water is
primarily determined by the intensity of heat transfer. With an increase
in regenerator length, the regeneration effectiveness continues to rise,
further lowering the mass flow rate of flue gas and diminishing the heat
transfer intensity within the HB. As a result, the effectiveness of heat
transfer between water and exhaust gas declines, leading to a decrease in
the system’s heat output efficiency. Coupled with the reduction in
electrical power output, this results in a declining trend in the
comprehensive performance index F of the system. In contrast, for the
parallel-flow regenerator, its regeneration effectiveness is low, necessi-
tating higher heat absorption requirements and significantly increasing
the mass flow rate and velocity of flue gas within the HB. Consequently,
the heat transfer time between flue gas and water is insufficient. How-
ever, as the regenerator length increases, the regeneration effectiveness
improves, leading to a decrease in the flow velocity of flue gas within the
HB and a significant increase in heat transfer time. Consequently, the
heat output efficiency of the system increases. With the parallel-flow

Fig. 6. Comparison between the output power and thermal efficiency predicted
by the SPEC model and other thermal models, against experimental values at
different engine speeds under an average pressure of 2.76 MPa.
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regenerator’s characteristic of low pressure drop, an increase in regen-
erator length results in a limited increase in power losses, leading to a
slower change in electrical power output. Consequently, the compre-
hensive performance index F is primarily influenced by changes in heat

output efficiency, exhibiting an increasing trend with the increase in
regenerator length. On the other hand, the inclined-flow regenerator
exhibits moderate regenerative effectiveness, requiring a moderate fuel
mass flow rate. At this point, the heat transfer time between flue gas and

Fig. 7. Variations in various thermal-electric performance criteria of the micro-CHP system with three different types of regenerators as a function of regener-
ator length.

Fig. 8. Maximum comprehensive performance index F of the micro-CHP system under optimal regenerator length for three different types of regenerators across
various porosities, along with corresponding values of other performance criteria.
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water is slightly insufficient, and the heat transfer between the two
working fluids is influenced by both heat transfer time and intensity.
With an increase in regenerator length, the regeneration effectiveness
rises, the flue gas velocity within the HB decreases, and the heat transfer
time between flue gas and water lengthens, resulting in a gradual in-
crease in heat output efficiency. However, as the regenerator length
further increases, the impact of the reduced heat transfer intensity due to
decreased flue gas velocity gradually becomes significant, offsetting the
increase in heat output efficiency. As a result, the variation in heat
output efficiency stabilizes. Due to the varying magnitude of changes in
electrical power and heat output efficiency across different regenerator
length ranges, the comprehensive performance index F shows a trend of
increasing and then decreasing with increasing regenerator length.

Fig. 8 illustrates the maximum comprehensive performance index F
of the micro-CHP system under optimal regenerator length (LR) for three
different types of regenerators across various porosities (φ), along with
corresponding values of other performance criteria. The porosity for
each type of regenerator is selected within a practical application range
suitable for its specific structure. For the cross-flow regenerator,
increasing porosity results in an expansion of the regenerator’s dead
volume, leading to a decline in the system’s ideal electrical power
output. However, the notable decrease in flow resistance within the
regenerator causes a substantial reduction in power losses, which in turn
results in an increase in the actual electrical power output. Nonetheless,
with further increases in porosity, the decrease in power losses due to
regenerator flow resistance becomes limited, causing the actual elec-
trical power output to diminish as the ideal power decreases. Further-
more, higher porosity leads to reduced regeneration effectiveness,
increased mass flow rate and velocity of flue gas within the HB, inten-
sified heat transfer between flue gas and water, thereby reducing the
proportion of heat carried away by exhaust gas. Together with the
decline in ideal power output, this leads to a significant rise in the
proportion of heat carried away by water, thereby substantially boosting
the system’s heat output efficiency. Consequently, the maximum
comprehensive performance index F experiences a significant initial
increase due to the simultaneous rise in electrical power output and heat
output efficiency, followed by a reversal attributed to the substantial
decrease in electrical power output. For the parallel-flow regenerator,
lower flow resistance and power loss proportions result in a monotonic
decrease in actual electrical power output with decreasing ideal power
as porosity increases. Additionally, increased porosity leads to a notable
rise in flue gas velocity, causing a significant reduction in heat transfer
time between flue gas and water. Consequently, flue gas–water heat
transfer becomes increasingly inadequate, resulting in an overall decline
in the system’s heat output efficiency. Thus, the maximum compre-
hensive performance index F decreases monotonically with the con-
current decrease in electrical power and heat output efficiency. In the
case of the inclined-flow regenerator, increasing porosity similarly leads
to a monotonic decrease in actual electrical power output due to the
reduced proportion of pressure drop losses within the regenerator.
Moreover, the effects of changes in heat transfer time and intensity
within the HB caused by increasing porosity approximately cancel out,
resulting in only a slight overall increase in the system’s heat output
efficiency. Dominated by the decreasing trend in electrical power
output, the maximum comprehensive performance index F decreases
with increasing porosity for this type of regenerator. Additionally, the
comparison across all three types of regenerators reveals that the
maximum comprehensive performance index F exhibits partially or
completely different trends from the corresponding system’s total effi-
ciency, emphasizing the importance of F in providing a comprehensive
assessment of both electrical and thermal performance. This underscores
the necessity of the defined comprehensive performance index F in this
study.

On the other hand, through comparing the trends of the maximum
thermal-electric performance index F and the corresponding optimal
regenerator length (LR) under varying porosities for the three types of

regenerators, it can be generally inferred that the optimal regenerator
length ranges for cross-flow, parallel-flow, and inclined-flow re-
generators are relatively low, high, and moderate, respectively, while
the optimal porosity ranges are high for the former and low for the latter
two. This offers some degree of guidance for the optimization design of
different types of regenerators. Additionally, when comparing the
maximum thermal-electric performance index F values of micro-CHP
systems under the three types of regenerators, the system equipped
with a cross-flow regenerator shows low electrical power output and
moderate heat output efficiency, whereas the system equipped with a
parallel-flow regenerator exhibits high electrical power output and
relatively low heat output efficiency. Therefore, the two types of re-
generators generally demonstrate similar comprehensive thermal-
electric performance. In contrast to the former two types of re-
generators, the inclined-flow regenerator enables the system to achieve
moderate electrical power output and higher heat output efficiency,
ultimately demonstrating the highest comprehensive thermal-electric
performance. This highlights the potential of the inclined-flow regen-
erator in enhancing the performance of SE-based micro-CHP systems.
Consequently, in subsequent constructal optimizations, an inclined-flow
regenerator with a length of 27.1 mm and a porosity of 0.462, yielding a
dual maximum performance index F, is selected as the default regener-
ator structure.

3.2.2. Heater
Fig. 9 depicts the variation of the comprehensive performance index

F and other performance criteria of the micro-CHP system with the
number of heater tubes. The base structure of the heater with a tube
length (LH) of 245.3 mm and a number of heater tubes (NH) of 40 is
chosen for the calculation of F values. With an increase in the number of
heater tubes, their diameter decreases, resulting in heightened flow
resistance as the working gas traverses the tubes. Consequently, there’s a
marginal reduction in electrical power output. Additionally, the
decreased tube diameter enhances the heat transfer area and intensity
between the hot flue gas within the CC and the working gas inside the
heater tubes, thereby improving the heat transfer performance between
the two, and reducing the required fuel mass flow rate within the CC.
Consequently, the flow velocity of flue gas inside the HB significantly
decreases, weakening the heat transfer intensity between the flue gas
and water but considerably extending the heat transfer time, leading to
an increase in heat output efficiency. However, with further increases in
the number of heater tubes, the heat transfer time between the flue gas
and water becomes sufficient, and the effect of diminishing heat transfer
intensity gradually becomes significant, resulting in a decelerated in-
crease or even a slight decrease in heat output efficiency. The trend of
the comprehensive performance index Fwith the number of heater tubes
is successively dominated by the increase in heat output efficiency and
the decrease in electrical power output, thus exhibiting an initial in-
crease followed by a decrease. However, it’s notable that the system’s
overall efficiency monotonically increases with the augmentation in the
number of heater tubes, indicating its failure to accurately portray the
comprehensive thermal-electric performance of the system and effec-
tively determine the optimal geometric structure.

Fig. 10 illustrates the variation in the maximum comprehensive
performance index F and other performance criteria of the system with
the tube length of the heater (LH) under the optimal number of heater
tubes (NH). As the tube length varies, the optimal number of heater tubes
corresponding to the maximum comprehensive thermal-electric per-
formance changes almost inversely. At this point, the diameter and total
surface area of the heater tubes remain roughly constant, thereby
maintaining relatively consistent heat transfer performance between the
hot flue gas within the CC and the working gas inside the tubes.
Consequently, the variation in required fuel mass flow rate is minimal,
and the heat output performance tends to stabilize. However, longer
tube length results in increased flow distance for the working gas inside
the tubes, leading to greater power losses and a reduction in actual
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electrical power output. Therefore, the maximum comprehensive per-
formance index F decreases monotonically with the decrease in elec-
trical power output. Building on this, a heater with a heater tube number
of 80 and a length of 145.3 mm is adopted, corresponding to the dual
maximum performance index F value, as the optimal geometric struc-
ture, which will be employed in subsequent constructal optimizations.

3.2.3. Cooler
Figs. 11 and 12 display the outcomes of the constructal optimization

for the number and length of cooler tubes, respectively. Here, the base
structure of the cooler for calculating the performance index F consists of
cooler tubes with a length (LK) of 46.1 mm and a number (NK) of 312. A
comprehensive observation from both figures reveals that augmenting
the number and length of cooler tubes marginally reduces the electrical
power output of the system, while exerting minimal influence on heat
output efficiency, thus resulting in a slight decline in the overall
thermal-electric performance of the system. This phenomenon arises due
to the diminishing diameter of the cooler tubes as both the number and
length of tubes increase, thereby elevating power losses resulting from

the flow resistance of the working gas within the cooler tubes, conse-
quently lowering electrical power output. Additionally, the heightened
number and length of cooler tubes result in an expanded heat transfer
surface area, enhancing the heat transfer performance between the
working gas and water, thereby lowering the temperature of the cooler
tube wall (TK). However, the decline in TK merely induces a slight up-
surge in both the ideal output power and thermal efficiency of the
Stirling engine, with minimal impact on the fuel demand within the CC
and the heat transfer performance between the flue gas and water within
the HB. As a result, the system’s heat output efficiency remains nearly
constant. Considering that a superior comprehensive thermal-electric
performance index F can be attained with fewer cooler tubes and
shorter tube length, a cooler comprising 132 tubes with a length of 26.1
mm is chosen as the optimal structure for subsequent constructal
optimizations.

3.2.4. Heating boiler
Fig. 13 presents the impact of the number of water tubes (Nhb) inside

the heating boiler (HB) on the comprehensive thermal-electric

Fig. 9. Variation of the comprehensive performance index F and other performance criteria of the micro-CHP system with the number of heater tubes.

Fig. 10. Variation in the maximum comprehensive performance index F and other performance criteria of the system with the tube length of the heater under the
optimal number of heater tubes.

M. Yu et al.



Energy Conversion and Management 315 (2024) 118806

13

performance index F and other key performance criteria of the micro-
CHP system. The base configuration of the HB for determining the F
value consists of 9 baffles and 100 water tubes. As the number of water
tubes increases, the total length of the tubes increases while the diameter
of each tube gradually decreases. Consequently, the pressure losses
incurred as water flows through the tubes rapidly escalate, causing a
substantial increase in the electrical power consumption required by the
water pump to drive the flow, thus resulting in a notable decrease in the
actual electrical power output of the system. Simultaneously, the in-
crease in the number of water tubes leads to a decrease in tubes diam-
eter, improves the heat transfer area and intensity between the flue gas
and water inside the HB, thereby significantly enhancing the heat output
efficiency. The comprehensive performance index F is successively
influenced by the increase in heat output efficiency and the decrease in
electrical power output, thereby exhibiting a trend of increase followed
by decrease. Additionally, it appears that the system’s overall efficiency
also captures the decrease in its electrical output performance, thus
demonstrating a similar trend to that of the performance index F, albeit
with some differences in the magnitude of change.

Fig. 14 illustrates the variation of the maximum comprehensive

Fig. 11. Variation of the comprehensive performance index F and other performance criteria of the micro-CHP system with the number of cooler tubes.

Fig. 12. Variation in the maximum comprehensive performance index F and other performance criteria of the system with the tube length of the cooler under the
optimal number of cooler tubes.

Fig. 13. Impact of the number of water tubes inside the heating boiler on the
comprehensive thermal-electric performance index F and other key perfor-
mance criteria of the micro-CHP system.
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performance index F and other crucial performance criteria of the micro-
CHP system with the number of baffles (Nhbexh) inside the HB, under the
optimal number of water tubes (Nhb). The change in the number of
baffles itself has no impact on the electrical power output. However, an
increase in the number of baffles correlates with a general downward
trend in the optimal number of water tubes inside the HB, resulting in a
gradual improvement in the system’s electrical power output. On the
other hand, the increase in the number of baffles diminishes the cross-
sectional area for flue gas flow within the HB, thereby elevating the
velocity of the flue gas. This augmentation intensifies the convective
heat transfer between the flue gas and water, resulting in an enhanced
heat output efficiency of the system. The simultaneous increase in
electrical power and heat output efficiency contributes to a mono-
tonically increasing trend in the maximum comprehensive performance
index Fwith the increase in the number of baffles. Therefore, an HB with
the optimal structure, corresponding to the dual maximum F value, is
selected, comprising 125 water tubes and 14 baffles. Under this
configuration, the system achieves optimal performance with an elec-
trical power output (Pel) of 6274 W, a heat output efficiency (ηhe) of 93.7
%, and a total efficiency (ηto) of 96.3 %. This high energy utilization
efficiency falls within the typical range of maximum overall efficiency
for existing Stirling engine-based CHP systems, generally ranging from
85% to 97% [1]. However, the inclined-flow regenerator utilized in this
study provides balanced flow resistance and heat transfer characteris-
tics, enabling the CHP system to achieve a higher electrical power
output, albeit with a relatively lower electrical efficiency compared to
systems equipped with cross-flow regenerators reported in the literature
[1]. Consequently, the thermal efficiency of systems significantly sur-
passes that of other existing CHP systems, which typically range from 60
% to 82 % [1].

3.2.5. Comparison of performance before and after optimization
The preceding sections have sequentially conducted constructal op-

timizations on the pivotal thermal energy transfer components within
the Stirling engine-based micro-CHP system: the regenerator, heater,
cooler, and heating boiler, yielding the optimal geometric structures and
output performance. In the following, a comparison of the key geometric
and operational parameters, along with significant performance criteria,
is presented before and after optimization, as depicted in Table 2.

Significant differences can be observed in the geometric structures of
the thermal energy transfer components and operational parameters,
such as supply water temperature and fuel mass flow rate, before and
after optimization. Following optimization, the comprehensive thermal-

electric performance index F of the system reaches 4.9. Furthermore, the
electrical power output has increased by 142.8 %, while the heat output
efficiency and total efficiency have increased by 20.5 % and 10.5 %,
respectively. These results underscore the feasibility of the novel Stirling
engine-based micro-CHP systemmodel proposed in this study, as well as
the efficacy of introducing constructal theory to predict and enhance the
comprehensive thermal-electric performance of the system.

4. Conclusion

This paper, based on a Stirling thermal analysis incorporating poly-
tropic endothermic/exothermic and compression/expansion processes,
presents a novel biogas fired Stirling engine-based micro-CHP system
model, rigorously considering the characteristics of the system’s internal

Fig. 14. Variation of the maximum comprehensive performance index F and other crucial performance criteria of the micro-CHP system with the number of baffles
inside the HB, under the optimal number of water tubes.

Table 2
Key geometric and operational parameters, along with crucial performance
criteria of the Stirling engine-based micro-CHP system before and after
optimization.

Specification Before optimization After optimization

Geometric parameter
Regenerator type Cross-flow Inclined-flow
Regenerator porosity 0.7 0.462
Regenerator length 22.6 mm 27.1 mm
Heater tube number 40 80
Heater tube length 245.3 mm 145.3 mm
Cooler tube number 312 132
Cooler tube length 46.1 mm 26.1 mm
HB water tube number 100 125
HB baffle number 9 14

Operational parameter
Water mass flow rate 60 L/min 60 L/min
Water inlet temperature 283 K 283 K
Water outlet temperature 293.8 K 337.5 K
Fuel mass flow rate 1.593 g/s 13.3 g/s
Hot flue gas temperature 1204.3 K 1544.8 K
Exhaust gas temperature 286.6 K 311.7 K

Performance criterion
Electrical power output 2584 W 6274 W
Heat output efficiency 77.8 % 93.7 %
Total efficiency 87.2 % 96.3 %
Performance index F 1 4.9
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heat-to-work conversion and thermal energy transfer processes. The
accuracy of SE-G submodel in evaluating the key heat-to-work conver-
sion performance within the CHP system is verified by comparing its
predictive results with experiment and other thermal model data. Sub-
sequently, leveraging the proposed micro-CHP system model, con-
structal theory is introduced to conduct optimization on crucial thermal
energy transfer components within the system, including the regener-
ator, heater, cooler, and heating boiler. The primary conclusions are
summarized as follows:

1. 1 The SE-G submodel, in the derivation of the original differential
equations, not only synchronously considers the alterations in the
operational characteristics of the Stirling engine due to polytropic
endothermic/exothermic and compression/expansion processes but
also integrates the effects of irreversible factors such as heat
exchanger pressure drop and imperfect regeneration, which are
typically overlooked in most thermal models. Consequently, the
present model can more accurately capture the transient distribution
and variation of the internal physical fields of the prime mover,
thereby offering higher precision in predicting the heat-to-work
conversion performance within micro-CHP systems. Given that the
theoretical or empirical formulas involved in assessing thermal en-
ergy transfer processes in other submodels have been thoroughly
validated in engineering practice, the micro-CHP system model
proposed in this paper can be deemed reliable.

2. 2 As the length and porosity of the regenerator increase, the thermal-
electric performance of micro-CHP systems with three different types
of regenerators (cross-flow, parallel-flow, and inclined-flow re-
generators) undergoes significant variations due to the differing heat
and mass transfer characteristics of these regenerators. Overall, the
optimal ranges of length and porosity for the three types of re-
generators are low length and high porosity, high length and low
porosity, and moderate length and low porosity, respectively.
Compared to the former two types of regenerators, the inclined-flow
regenerator applied in micro-CHP systems can achieve moderate
electrical power output and high heat output efficiency, thereby
realizing the highest comprehensive thermal-electric performance.

3. 3 With the increase in the number of heat exchange tubes in both the
heater and the heating boiler, the comprehensive thermal-electric
performance of the micro-CHP system exhibits an initial rise fol-
lowed by a decline, suggesting the presence of an optimal tube
number within the range of studied parameters. Conversely,
reducing the length of tubes in the heater and increasing the number
of baffles in the heating boiler result in a monotonic increase in the
maximum comprehensive performance associated with the optimal
number of heat exchange tubes. However, unlike the heater and the
heating boiler, variations in the number and length of heat exchange
tubes within the cooler have minimal impact on the overall system
performance.

4. 4 After the constructal optimization, the micro-CHP system achieves
an electrical power output of 6274 W, accompanied by heat output
efficiency and total efficiency of 93.7 % and 96.3 %, respectively.
Compared to its performance before optimization, the system’s
electrical power output increases by 142.8 %, while the heat output
efficiency and total efficiency increase by 20.5 % and 10.5 %,
respectively, resulting in a comprehensive performance index F of
4.9. This confirms the feasibility of the novel Stirling engine-based
micro-CHP system model proposed in this paper for evaluating and
optimizing the comprehensive thermal-electric performance of the
system.
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evaluation of novel photovoltaic and Stirling assisted hybrid micro combined heat
and power system. Renew Energy 2022;189:129–38.

[8] Wang C, Song J, You D, Zheng W, Guo J, Zhu L. Combined heat and power plants
integrated with steam turbine renovations: optimal dispatch for maximizing the
consumption of renewable energy. Energy Convers Manag 2022:258.

[9] Sharf M, Romm I, Palman M, Zelazo D, Cukurel B. Economic dispatch of a single
micro gas turbine under CHP operation with uncertain demands. Appl Energy
2022;309:118391.

[10] Arbabi P, Abbassi A, Mansoori Z, Seyfi M. Joint numerical-technical analysis and
economical evaluation of applying small internal combustion engines in combined
heat and power (CHP). Appl Therm Eng 2017;113:694–704.

[11] Lu X, Du B, Zhu W, Yang Y, Xie C, Tu Z, et al. Thermodynamic and dynamic
analysis of a hybrid PEMFC-ORC combined heat and power (CHP) system. Energy
Convers Manag 2023;292:117408.

[12] Kasaeian A, Nouri G, Ranjbaran P, Wen D. Solar collectors and photovoltaics as
combined heat and power systems: A critical review. Energy Convers Manag 2018;
156:688–705.

[13] Arsalis A. A comprehensive review of fuel cell-based micro-combined-heat-and-
power systems. Renew Sust Energy Rev 2019;105:391–414.

[14] Van Erdeweghe S, Van Bael J, Laenen B, D’Haeseleer W. Optimal configuration for
a low-temperature geothermal CHP plant based on thermoeconomic optimization.
Energy 2019;179:323–35.
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