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The efficiency of the actual Stirling engine is much lower than the ideal Carnot cycle efficiency. To obtain more precise
efficiency for Stirling engines, this paper proposes a modified Stirling cycle with a more accurate heat transfer process in Stirling
engines based on a thermodynamic function called available potential. The finite-time thermodynamic method is used to analyze
the model performance under constant heat source temperature, finite temperature difference heat transfer, and incomplete
regenerative processes. A new polytropic process is introduced to model the heat transfer between the working fluid and external
heat sources in which only heat above ambient temperature is converted into technical work. The regenerator is divided into
numerous smaller heat reservoirs with individual temperature to analyze the incomplete regenerative processes. The expressions
of the output power and thermal efficiency are obtained based on the modified irreversible Stirling cycle, and the effects of
irreversible losses are analyzed to evaluate the performance of the proposed model. Results indicate that the efficiency of the
modified cycle is much lower than that of the ideal Stirling cycle with an isothermal process. With the increase of the average
heat transfer temperature difference, there exists an optimum value for the power of the irreversible cycle. The optimum power of
the model was obtained for varying thermodynamic parameters by optimizing the average heat transfer temperature difference
between the hot and cold sides. To optimize the irreversible model, the multi-objective optimization analysis is carried out based
on NSGA-II, which results in an optimized output power of 40.87 kW and an optimized thermal efficiency of 44%.

stirling cycle, regenerative processes, isopotential processes, multi-objective optimization, finite time thermodynamics

Citation: Xu L, Yu M J, Liu Z C, et al. Performance analysis and multi-objective optimization based on a modified irreversible Stirling cycle. Sci China Tech
Sci, 2024, 67, https://doi.org/10.1007/s11431-023-2553-5

1 Introduction

With the continuous advancement of science, technology,
and ecological civilization, the global energy consumption
has been on a steady rise [1,2]. However, the dependence on
traditional fossil fuels has resulted in significant ecological
damage and global warming [3]. Consequently, the promo-
tion of renewable energy utilization and enhancement of
energy efficiency [4,5] have emerged as pivotal strategies for
sustainable energy development. Among a variety of energy
utilization devices, the Stirling engine is particularly note-
worthy due to its potential to convert heat into mechanical

work with high theoretical efficiency. It offers numerous
advantages such as low emissions, high energy efficiency,
fuel flexibility, high specific work output, low noise levels,
high reliability, and low maintenance requirements. The
Stirling engine is ideally suited for small to medium power
applications that involve renewable energy utilization [6],
micro-cogeneration applications [7,8], space power system
[9,10], and low-grade heat recovery [11]. This presents a
promising field that warrants further exploration and re-
search.
The Stirling engine, an external combustion engine in-

vented by Robert Stirling in 1816 [12], operates based on a
Stirling cycle, which consists of two isothermal and two
isochoric processes. In an ideal scenario, the Stirling engine
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can convert heat into mechanical work with the Carnot ef-
ficiency, which is the maximum possible efficiency for any
heat engine. However, in reality, there are many irreversible
factors that prevent the Stirling engine from achieving this
ideal efficiency. Therefore, the thermodynamic study of the
irreversibility of the Stirling engine has never stopped. The
finite-time thermodynamic (FTT) is a widely used thermo-
dynamics analysis method for analyzing the irreversibility of
heat engines in recent years.
Curzon and Ahlborn [13] were the first to apply FTTs to

analyze heat engine in 1975. This approach differs from
classical thermodynamic models as it takes into account the
finite-time and finite-rate heat transfer, which can produce
positive power output. Many researchers have since studied
the FTT performance of Stirling engines, building upon the
work of Curzon and Ahlborn. Assuming an ideal regenerator,
they developed FTT models of Stirling engines by con-
sidering the thermal resistance between the working fluid
and the external heat sources [14–20]. Blank et al. [14,16]
analyzed an endo-reversible Stirling cycle with perfect re-
generation using FTT and derived expressions for optimum
power and efficiency at optimum power, based on the tem-
perature bounds of the heat source and sink. Ladas and
Ibrahim [15] utilized the FTT analysis to study how heat-
transfer contact time and regeneration affect the Stirling
cycle, conducting their analyses based on mass and energy
balances associated with heat-transfer-rate equations. Senft
[17] developed a mathematical model of an ideal Stirling
engine with finite heat transfer and considered how internal
thermal losses and mechanical losses affect its operation.
The FTTapproach provides a practical solution for analyzing
the performance of Stirling heat engines.
The aforementioned models only take into account the

finite rate of heat transfer between the Stirling heat engine
and the external heat source. However, in practical scenarios,
regenerative losses cannot be overlooked when simulating
the actual operation of a Stirling engine, given that the re-
generator is not perfect. As a result, a series of FTT models
of Stirling engines that consider regenerative losses have
been proposed to predict the performance of Stirling engines
with greater accuracy. These models have been applied to
various types of Stirling engines and have demonstrated
improved accuracy and reliability [21–35]. Chen et al.
[21,22] developed a more realistic model of the Stirling cycle
that accounts for regenerative losses and explored their im-
pact on the optimal performance of the engine. Wu et al. [23]
determined the relationship between the power output and
thermal efficiency by applying FTT to consider the irrever-
sibility of heat transfer and imperfect regeneration. Kaushik
and Kumar [24,25] also employed FTT to model the engine
with finite heat capacity of the external reservoirs and ex-
amined how the effectiveness of various heat exchangers and
regenerators influences its performance. Similarly, Tyagi et

al. [26–28] modeled the irreversible Stirling refrigerator and
heat pump cycle with finite temperature difference and re-
generative losses. Ahmadi et al. [32] investigated how design
parameters affect the performance of the engine with various
sources of irreversibility: finite-rate heat transfer, re-
generative loss, conductive thermal bridging loss, and finite
regenerative time. Dai et al. [33,34] conducted a detailed
thermodynamic study of the regenerative heat process by
dividing the regenerator into smaller units, resulting in a
more realistic model of Stirling engines.
In the above Stirling engine models, the compression and

expansion processes of the working fluid are assumed to be
isothermal. However, in reality, it is difficult to achieve an
isothermal process due to the temperature difference be-
tween the working fluid and external heat sources. Therefore,
the temperature of the working fluid in the expansion
chamber and compression chamber of the Stirling engine
will vary continuously [36–42]. Erbay and Yavuz [36] ana-
lyzed the real Stirling heat engine for maximum power
output conditions by introducing polytropic processes and
derived the relationship between two polytropic exponents
during expansive and compressive processes. They [37,40]
also studied the performance of duplex Stirling refrigerators
with different constructions based on polytropic processes.
Babaelahi and Sayyaadi [38] proposed a method to calculate
polytropic exponents and improved differential control
equations of the adiabatic model of Stirling engines to obtain
a new polytropic model. Dai et al. [41,42] developed a
polytropic model for the irreversible Stirling cycle and ob-
tained corresponding polytropic exponents through thermo-
dynamics analysis.
In addition to studying the irreversible losses of the Stir-

ling engine to obtain a more accurate model, the selection of
optimal operating parameters is also crucial for the design
and performance improvement of the system. Numerous
studies have been conducted to optimize the performance of
Stirling engines. The common optimization methods include
analytical methods that derive optimal solutions under op-
timal conditions and numerical methods that leverage in-
telligent computer operations [43]. He et al. [44] carried out
an ecological optimization of the irreversible Stirling heat
engine. Yaqi et al. [45] optimized an FTT model of a solar-
powered Stirling engine for maximum power and obtained
the corresponding efficiency at maximum power. However,
there is often more than one objective to optimize in a
thermodynamic system. Therefore, multi-objective optimi-
zation of various thermodynamic and energy systems using
optimization algorithms has gained attention in recent years
[46–56]. For example, Ahmadi et al. [46–49] performed
multi-objective optimization of Stirling engine, Stirling re-
frigerator and Stirling heat pump using genetic algorithm
with power, thermal efficiency and thermo-economic func-
tion as objective functions, respectively. Duan et al. [50]
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applied particle swarm algorithm to optimize the irreversible
model of Stirling engine to obtain a three-dimensional Pareto
front and selected the optimal solution by linear program-
ming technique for multidimensional analysis of preference
(LINMAP). Toghyani et al. [51] used non-ideal adiabatic
analysis and NSGA-II algorithm to optimize the efficiency
and power loss for a Stirling system. Patel and Savsani [52]
proposed TS-TLBO (tutorial training and self-learning in-
spired teaching-learning-based optimization) algorithm for
the multi-objective optimization of a Stirling heat engine.
Due to the over-idealization of the isothermal processes,

the efficiency of an actual Stirling heat engine is significantly
lower than the theoretical Carnot efficiency. In this paper, we
propose a new polytropic cycle for the Stirling engine,
termed as the modified Stirling cycle, which simulates heat
transfer between the working fluid and the external heat
source with the isopotential processes. The modified Stirling
cycle consists of two isochoric processes and two iso-
potential processes. The output power and thermal efficiency
of the modified Stirling cycle are derived considering irre-
versible heat transfer both in the regenerative and iso-
potential processes under constant heat reservoirs with finite
temperature difference. The effects of thermodynamic
parameters such as regenerator effectiveness and average
heat transfer temperature difference on the performance of
the modified Stirling cycle are analyzed. The results indicate
that there exists an optimal average heat transfer temperature
difference between the hot and cold sides that maximizes the
output power under a given operating condition. A multi-
objective genetic algorithm is applied to optimize both
power and efficiency simultaneously under different values
of thermodynamic parameters.

2 System description

The Stirling engine operates ideally based on the Stirling
cycle. The Stirling cycle consists of two isothermal processes
and two isochoric regenerative processes. In an ideal iso-
thermal process, all the heat absorbed from the external heat
reservoirs is converted into technical work. However, for a
real thermodynamic process, there are certain irreversible
factors that affect the efficiency of the heat-work conversion.
Moreover, the heat below the ambient temperature cannot be
utilized in this process. Consequently, the actual perfor-
mance of the Stirling engine deviates from the theoretical
one. An availability function [57,58] is defined as a measure
of the maximum useful work that can be produced by a
system interacting with the environment, which can also be
called available potential [59]:

e h T s= , (1)0

where h is enthalpy, s is entropy, and T0 is ambient tem-

perature. According to eq. (1), the available potential is
calculated by deducting the unavailable thermal potential T0s
from the total potential h, which means only heat potential
above ambient temperature could be used in a process.
Analogous to the isothermal, isobaric, isochoric, and

isentropic processes in thermodynamics, a new thermo-
dynamic process, called the isopotential process, can be
described as

e h T sd = d d = 0. (2)0

According to the definition in eq. (1), the isopotential
process can represent a thermodynamic process, in which
only the available energy converts into the technical work.
For the ideal gas, eq. (2) becomes

c T T sd d = 0, (3)p 0

T
s

T
c

d
d = , (4)

p
0

where cp is the constant pressure-specific heat capacity of the
working fluid.
As depicted in eq. (4), there exists a linear correlation

between temperature and entropy during the isopotential
process. The gradient of the T-s curve is influenced by both
the ambient temperature and the specific heat capacity of the
working fluid. Consequently, the isopotential process can be
likened to a polytropic process. Utilizing the isopotential
process as a foundation, a novel polytropic model of the
Stirling cycle can be established, incorporating two iso-
potential processes and two isochoric processes. This model
is referred to as the modified Stirling cycle, as illustrated in
Figure 1.
As illustrated in Figure 1, the temperature of the working

fluid undergoes a continuous variation during the expansion
and compression processes in the modified Stirling cycle.
The formulation of the modified Stirling cycle is primarily
contingent upon the designation of state points 1 and 3.
Adhering to the principle that any two independent ther-
modynamic state parameters can ascertain a thermodynamic
state, the thermodynamic states (T1, v1) and (T3, v3) of points
1 and 3 are initially determined by setting the temperature
and specific volume. In accordance with the thermodynamic
characteristics of the isopotential and isochoric processes,
the specific volume and temperature of state points 2 and 4
can be respectively derived, as delineated in eqs. (5)–(8).
v v= , (5)2 1

v v= , (6)4 3

( ) ( )c T T T c T
T R v

v( ) = ln + ln , (7)p v g3 2 0
3

2

3
2

( ) ( )c T T T c T
T R v

v( ) = ln + ln , (8)p v g1 4 0
1

4

1
4

where cv and Rg represent the constant specific heat capacity
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and gas constant of the working fluid, respectively. From the
above equations, the thermodynamic states of points 2 and 4
can be ascertained given that the thermodynamic states of
points 1 and 3 are provided. Consequently, the thermo-
dynamic states of each point within the cycle can be de-
termined.
For the modified Stirling cycle, the heat absorbed and heat

released in the isochoric processes 1–2 and 3–4 can be given
respectively by

q c T T= ( ), (9)v1 2 2 1

q c T T= ( ). (10)v3 4 3 4

On the T-s diagram of the cycle, it can be discerned that the
average slope of the T-s curve in process 1–2 is less steep
than that of the curve in process 3–4, which implies that the
temperature difference between state points 1 and 2 is more
pronounced than that of state points 3 and 4. This confirms
that the heat absorbed during the isochoric process 1–2 ex-
ceeds the heat released during the isochoric process 3–4.
Therefore, in contrast to the ideal Stirling cycle, the re-
generation is not perfect in the reversible modified Stirling
cycle. According to the definition of entropy, the heat ab-
sorbed from the heat source and heat released to the heat sink
in the isopotential processes 2–3 and 4–1 can be respectively
articulated as

( )q T s c T
T

T
c
T T T= d = d = 2 , (11)

s

s

T

T
p

p
2 3

0 0
3
2

2
2

2

3

2

3

( )q T s c T
T

T
c
T T T= d = d = 2 . (12)

s

s

T

T
p

p
4 1

0 0
4
2

1
2

4

1

1

4

Coupling eqs. (9)–(12), the thermal efficiency of the
modified Stirling cycle with imperfect regeneration can be
expressed as

( )
( ) ( ) ( )

q
q q q

c T T
c T T c T T T T T

= 1 +

= 1
+ 2

. (13)

th

p

p v

41
12 23 34

4
2

1
2

3
2

2
2

2 1 3 4 0

3 Thermodynamic analysis with FTT

A reversible cycle is composed of several reversible pro-
cesses, and these processes must be quasi-static, implying
that the cycle takes an infinite duration and yields no power
output. However, in a real thermodynamic cycle, all pro-
cesses are irreversible and possess finite durations and heat
transfer rates. In this section, we consider the finite-rate heat
transfer between the working fluid and the external heat re-
servoirs and regenerator. Based on FTTs, a theoretical model
of the irreversible modified Stirling cycle is developed.
Figure 2 shows the T-s schematic of the irreversible

modified Stirling cycle model. The heat source and heat sink
maintain constant temperatures TH and TL, respectively, and
the working fluid is an ideal gas. Over a finite duration, due
to thermal resistance, the working fluid exhibits different
temperatures from the heat source and sink.
The cycle consists of four processes. Process 1–2 is an

isochoric process where the working fluid absorbs heat from
the regenerator. Process 2–3 is an isopotential process where
the working fluid absorbs heat from the heat source, causing
its temperature to ascend from T2 to T3; Process 3–4 is an
isochoric process where the working fluid discharges heat to
the regenerator. Process 4–1 is an isopotential process where
the working fluid releases heat to the heat sink, leading to a
temperature decrease from T4 to T1. Due to imperfect re-
generation, the outlet states of the working fluid in the re-
generator are at 2′ instead of 2 and 4′ instead of 4,
respectively.
According to heat transfer theory, the rate of heat absorbed

from and released into the working substance are propor-
tional to the temperature differences between the working
substance and external heat reservoirs. It is assumed that the
heat transfer rate is proportional to the arithmetic mean
temperature difference between the working fluid and ex-
ternal heat reservoirs, denoted as
Q T t= , (14)H h H h

Q T t= , (15)L l L l

Figure 1 (Color online) Schematic diagram of the modified Stirling cycle. (a) Temperature-entropy diagram; (b) pressure-volume diagram.
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where h and l denote the thermal convection performance
between working fluid and heat source at temperature TH and
heat sink at temperature TL, respectively. th and tl represent
the heat addition and heat rejection times for the irreversible
modified Stirling cycle, respectively. The average heat
transfer temperature difference TH , TL is defined as

T T T T= +
2 , (16)H H

2 3

T T T T= +
2 . (17)L L

1 4

Process 2–3 and process 4–1 are isopotential processes;
thus the heat exchange between working fluid and heat re-
servoirs in the expansion and compression processes can be
expressed respectively as

( )Q mc T
T

T
mc

T T T= d = 2 , (18)h T

T
p

p

0 0
3
2

2
2

2

3

( )Q mc T
T

T
mc

T T T= d = 2 , (19)l T

T
p

p

0 0
4
2

1
2

4

1

where m, cp, and T0 denote mass of the working substance,
constant pressure specific heat capacity, and ambient tem-
perature, respectively.
In addition to the temperature difference between the

working fluid and the external heat reservoirs, a temperature
difference also exists between the working fluid and the re-
generator. In practical applications, the Stirling engine op-
erates at a high frequency, causing the working mass to flow
through the regenerator rapidly. This results in an uneven
temperature distribution within the regenerator. To analyze
the heat transfer process with a finite temperature difference,
we assume that the regenerator consists of numerous smaller
heat reservoirs, each with a distinct temperature. During the
regenerative processes, the working fluid sequentially con-
tacts these heat reservoirs. Given that the working fluid has a
significantly lower heat capacity than the regenerator in a
Stirling engine, it is assumed that each sub-regenerator

maintains a constant temperature as the working fluid passes
through it.
Figure 3 presents a schematic diagram of the heat transfer

between the working fluid and the sub-regenerators during
the regenerative cooling process. It is assumed that the re-
generator is composed of n sub-regenerators, with a tem-
perature difference of Trl between each pair of adjacent sub-
regenerators. Consequently, the temperature of the sub-re-
generators varies from T Trl3 to T T+ rl4 . Due to the finite
heat transfer rate, the temperature drop of the working fluid
after passing through each sub-regenerator is less than the
temperature difference between each pair of adjacent sub-
regenerators. As depicted in Figure 3, the temperature drop
rate of the working fluid escalates with an increase in the
temperature difference between the working fluid and the
sub-regenerators. Defining the entire duration of the re-
generative cooling process as trl, the duration of heat transfer
between the working fluid and each sub-regenerator is trl.
As a result, we can derive the following relationship:

T T T
n= + 1 , (20)rl
3 4

t t
n= . (21)rl
rl

The temperature of the ith sub-regenerator Tr i, can be ex-
pressed as

T T i T T T T
n i i n = = + 1 ,    = 1, 2, ..., . (22)r i rl, 3 3
3 4

The temperatures of the working fluid and the ith sub-
regenerator are denoted by Tf and Tr i, respectively, Accord-
ing to Newton’s law of cooling, the heat transfer between the
working fluid and the ith sub-regenerator is as follows:

( )Q T T t i n= d ,  = 1, 2, ..., , (23)i r f r i,

where r denotes the thermal convection between working
fluid and the regenerator.
In the regenerative cooling process, the heat absorbed from

the working fluid is equal to the change in internal energy,
with the following relationship:

Q mc T C T i n= d = d , = 1, 2, ..., , (24)i v f v f

where C mc=v v refers to the isochoric heat capacity of the
working fluid.
Combining eqs. (23) and (24), the differential expression

for trl can be obtained as

( )t
C T
T T i nd =

d
 , = 1, 2, ..., . (25)v f

r f r i,

The temperatures of the working fluid first flowing
through the regenerator is T3. It is assumed that the outlet
temperature of the working fluid after cooling through the ith

sub-regenerator is Tf i, . Comparing the initial and final states
of the working fluid in the ith regenerative process, the

Figure 2 (Color online) The T-s diagram of the irreversible modified
Stirling cycle.
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integration of eq. (25) gives

( )T T
T T t nC i n= exp / , = 1, 2, ..., . (26)f i r i

f i r i
r rl v

, ,

, 1 ,

Substituting eq. (22) into eq. (26), the expression for the
temperature of the working fluid after leaving the nth sub-
regenerator can be obtained by iteration as follows:

( ) ( )( ) ( )
T T T T

n
n t C t nC

= + + 1
× + 1 exp / / 1 exp / .

f n

r rl v r rl v

, 3
3 4

(27)
Then the efficiency of the regenerator in the regenerative

cooling process is

( ) ( )

T T
T T

n t C t nC
n

=

=
+ 1 exp / / 1 exp /

+ 1 . (28)

rl
f n

r rl v r rl v

3 ,

3 4

In reality, the temperature is not uniformly distributed
throughout the entire regenerator. Therefore, we postulate
that the regenerator is divided into an infinite number of sub-
regenerators, i.e., n→∞, thus the regenerative cooling effi-
ciency can be simplified as

( ) ( )t C t C= 1 / 1 exp / . (29)rl r rl v r rl v

Similarly, when the duration of the regenerative heating
process is trh, the regenerative heating efficiency can be
obtained as follows:

( ) ( )t C t C= 1 / 1 exp / . (30)rh r rh v r rh v

According to the regenerative efficiency of the heating and
cooling processes, the heat absorbed and released by the
working fluid in the regenerator can be described as
Q mc T T= ( ), (31)rh v rh 2 1

Q mc T T= ( ). (32)rl v rl 3 4

Owing to the thermal characteristics of the regenerator, the
heat exchange between the working fluid and the regenerator

during the heating process should be equivalent to that dur-
ing the cooling process. By integrating eqs. (31) and (32), the
correlation between the regenerative efficiency of the heat-
ing and cooling processes can be articulated as

T T
T T= . (33)rh rl

3 4

2 1

Therefore, the actual amounts of heat absorbed from the
heat source and released into the heat sink for the irreversible
modified Stirling cycle with imperfect regeneration are

Q Q mc T T= + (1 )( ), (34)H h v rh 2 1

Q Q mc T T= + (1 )( ). (35)L l v rl 3 4

Combining eqs. (14)–(19), and (34), (35), the durations of
heat exchange between the working fluid and the external
heat reservoirs can be expressed respectively as

( ) ( )( )
( )t

c m T T c mT T T
T T T T=

+ 1
2 , (36)h

p v rh

h H

3
2

2
2

0 2 1

0 2 3

( ) ( )( )
( )t

c m T T c mT T T
T T T T=

+ 1
+ 2 . (37)l

p v rl

l L

4
2

1
2

0 3 4

0 1 4

The cycle period is composed of the durations of heat
exchange with the external heat reservoirs and the times of
the two regenerative processes, which can be expressed as

t t t t= + + + . (38)h l rh rl

According to the above equations, the output power and
thermal efficiency of the irreversible modified Stirling cycle
can be obtained as

( ) ( )
( )

P Q Q

mc T T T T mc T T T T T
T t t t t

=

=
+ + 2 +

2 + + + , (39)

H L

p v

h l rh rl

3
2

1
2

2
2

4
2

0 2 4 1 3

0

( )
( )

( )
( )( )

Q Q
Q

c T T T T c T T T T T
c T T c T T T

=

=
+ + 2 +

+ 2 1
. (40)

H L

H

p v

p v rh

3
2

1
2

2
2

4
2

0 2 4 1 3

3
2

2
2

0 2 1

Figure 3 Schematic diagram of temperature difference in regenerative cooling process.
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4 Results and discussion

4.1 The modified reversible Stirling cycle model

Herein, a case study is conducted to compare the thermo-
dynamic performance of Stirling engines based on the re-
versible modified Stirling cycle and the ideal Stirling cycle
under identical parameter conditions. Helium is selected as
the working fluid and other parameters are set as [60]: T3
=922 K, T1=288 K, v1=0.2 m

3/kg, v3=0.35 m
3/kg, T0=300 K.

The corresponding T-s and p-v diagrams of the reversible
modified Stirling cycle and the ideal Stirling cycle are
plotted in Figure 4.
In Figure 4, the dashed and solid lines represent the ideal

and reversible modified Stirling cycles, respectively. The
latter exhibits a smaller enclosed area than the former.
During the isopotential process, the work performed by the
working fluid is equivalent to its available energy. Contrary
to an isothermal process, an isopotential process does not
utilize thermal energy below ambient temperature, as de-
picted by curves 2–2′, 2–3, and 3–2′ in Figure 4. According
to Figure 4, the working fluid commences heat absorption
from the heat source prior to attaining the maximum tem-
perature. The temperature of the working fluid escalates
during the heat absorption process and culminates at the
maximum temperature at the conclusion of the isopotential
process 2′–3. Upon reaching state point 4′, the working fluid
initiates heat release to the heat sink, with its temperature
persistently decreasing during process 4′–1.
The efficiencies of the modified Stirling cycle, Stirling

cycle, and experimental data under identical operating con-
ditions are 41.53%, 68.76%, and 24.80%. The experimental
data were extracted from literature data [60] for the maxi-
mum thermal efficiency in the same temperature range. As
inferred from these data, although the efficiency of the
modified Stirling cycle proposed in this study is significantly
lower than that of the ideal Stirling cycle, it surpasses that of

the actual Stirling heat engine.
To delve deeper into the disparity in energy conversion

performance, Figure 5(a) and (b) juxtapose the energy con-
version and thermal efficiency of the reversible modified
Stirling cycle and the ideal Stirling cycle under varying
temperature conditions. In Figure 5(a), the maximum tem-
perature oscillates between 900 and 1100 K, while in
Figure 5(b), the minimum temperature ranges from 320 to
400 K. As depicted in Figure 5(a), both cycles exhibit en-
hanced thermal efficiency with an increase in the maximum
temperature. Conversely, Figure 5(b) illustrates that both
cycles demonstrate diminished thermal efficiency as the
minimum temperature escalates. In both scenarios, the
thermal efficiency of the modified Stirling cycle is sig-
nificantly lower than that of the ideal Stirling cycle.
In comparison to the ideal Stirling cycle, the modified

Stirling cycle exhibits augmented heat absorption and ex-
halation per unit mass of working fluid under identical
parameter conditions. However, the surge in the quantity of
heat released by the working fluid considerably outweighs
the amount of heat absorbed. This indicates that the heat
discharged by the working fluid to the cooler in an actual
heat engine exceeds the theoretical value of the Stirling cy-
cle, resulting in a substantial reduction in actual heat engine
efficiency compared with Carnot efficiency. Consequently,
the efficiency of the modified Stirling cycle is closer to the
actual Stirling heat engine, which is lower than that of the
ideal Stirling cycle with an isothermal process. This can
serve as a valuable guide for designing and optimizing actual
Stirling heat engines.

4.2 The modified irreversible Stirling cycle model

A thorough performance analysis of the irreversible modi-
fied Stirling cycle model is conducted based on the numer-
ical calculation depicted in Figure 6. The process com-

Figure 4 (Color online) (a) T-s and (b) p-v diagrams of the reversible modified Stirling cycle compared with the ideal Stirling cycle.
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mences with the initialization of the cycle’s operating para-
meters and external parameters. Subsequently, the average
heat transfer temperature differences, TH and TL, are input
to compute the temperature at each state of the cycle. This is
followed by two iterative processes employed to identify the
operating temperatures of state points 1, 2, 3, and 4 of the
modified Stirling cycle that correspond to the input tem-
perature differences. In each iterative process, we initialize
the temperatures of state points 3 and 1 respectively, and then
solve eqs. (14) and (15) to obtain the temperatures of state
points 2 and 4. Ultimately, we verify eqs. (7) and (8) using
the obtained temperatures and update T3 and T1 accordingly
until we achieve consistent values for T1, T2, T3 and T4 that
satisfy the input TH and TL.
Upon determining the temperatures of each state point of

the modified Stirling cycle, the efficiency of the regenerative
process can be computed by incorporating the duration of the
regenerative cooling process. Ultimately, the thermal per-
formance of the modified Stirling cycle is assessed by re-
solving eqs. (39) and (40) for power and thermal efficiency.

4.2.1 Case analysis
The parameters in Table 1 are selected to analyze the per-
formance of the modified irreversible Stirling cycle model.

The case analysis results, derived using the parameters
outlined in Table 1 and the numerical calculation flow de-
picted in Figure 6, are presented in Table 2. The corre-
sponding T-s and p-v, along with the energy consumption
distribution, are further illustrated in Figure 7. As observed
in Figure 7(a), the working fluid temperature escalates from
335.45 K at state point 1 to 855.96 K at state point 2, attri-
butable to heat absorption from the regenerator matrix and
heat sources. Subsequently, it further elevates to 944.04 K at
state point 3 due to heating by the heat source during the
isopotential expansion process. Following this, the tem-
perature diminishes to 464.55 K at state point 4 as a result of
the regenerative cooling process. Ultimately, it reverts to the
initial state point 1 by discharging heat to the heat sink during
the isopotential compression process.
Table 2 also reveals that the regenerative efficiency of the

heating and cooling processes amounted to 88.52% and
96.10%, respectively. The discrepancy in regenerative effi-
ciency between the heating and cooling processes stems
from the characteristics of the isopotential process. As illu-
strated in Figure 7, the rate of energy input from the heat
source was 87.03 kW. Discounting the heat loss attributable
to imperfect regenerative heating, the net heat absorption of
the working fluid from the heat source constituted 88.05% of

Figure 5 Comparison of energy conversion and thermal efficiency at different temperatures. (a) Maximum cycle temperature; (b) minimum cycle
temperature.
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the total heat absorption. Conversely, during the cooling
stage of the working fluid, a mere 3.75% of the total heat
absorption was lost due to imperfect regeneration, while
38.90% was converted into output power and 57.35% was
transferred to the heat sink. The output power and thermal
efficiency of the modified Stirling cycle were 33.86 kW and
38.90%, respectively.

4.2.2 Parametric study
Figure 8 illustrates the impact of the average heat transfer
temperature difference on the hot side on the model perfor-
mance under varying heat source temperatures. As depicted
in Figure 8(b) and (c), with the heat transfer temperature
difference on the hot side incrementally rising from 80 to
220 K, the power exhibits a non-linear trend, initially in-

creasing and subsequently decreasing, while the thermal
efficiency demonstrates a declining trend. At a heat source
temperature of 1100 K, the power escalates from approxi-
mately 32 to 37 kW, thereafter diminishing to 36 kW, while
the thermal efficiency decreases from 44% to 39%. As the
temperature of the heat source escalates, both the power and
thermal efficiency exhibit an upward trend. Figure 8(a) plots
the cyclic T-s diagrams for cases with an average temperature
difference on the hot side of 80, 120, and 160 K for heat
source temperatures of 1000, 1050, and 1100 K, respectively.
In accordance with Newton’s law of cooling, a higher

temperature difference between heat transfer objects accel-
erates the rate of heat transfer. Thus, increasing the hot side
average heat transfer temperature difference speeds up the
heat transfer between the working fluid and the heater,
thereby shortening the cycle period and enhancing the power.
However, as indicated in Figure 8(a), with an increase in the
average heat transfer temperature difference at the hot side
from 80 to 160 K, the temperature level on the hot side di-
minishes, as does the area enclosed by the cycle. This results
in a reduction in the output work of the cycle and a decrease
in power output. Therefore, when TH is low, a shorter cycle
time dominates, leading to an increase in power. Conversely,
when TH is high, a smaller output work dominates and
causes a decrease of power. As demonstrated in Figure 8(a),
increasing TH also reduces the average temperature level at
the hot side of the cycle, thus diminishing the temperature
difference between the hot and cold sides of the cycle and
decreasing the thermal efficiency. When TH is 120 K and
the heat source temperature escalates from 1000 to 1100 K,
the output power rises from 30.4 to 35.7 kW, and the thermal
efficiency increases from 37.9% to 42.3%. This indicates
that an increase in heat source temperature significantly
enhances cycle performance.
Figure 9 delineates the influence of the average heat

Figure 6 Flow chart of numerical calculation for the irreversible modified Stirling cycle.

Table 1 Parameters of case analysis

Parameters Values

Working substance Helium

Mass of working substance m 2 g

Specific heat capacity cp 5.2 kJ/(kg K)

Ideal gas constant Rg 2.077 kJ/(kg K)

Heat source temperature TH 1000 K

Heat sink temperature TL 300 K

Ambient temperature T0 300 K

Average heat transfer temperature difference δTH 100 K

Average heat transfer temperature difference δTL 100 K

Coefficient of heat transfer αh 2.0 kW/K

Coefficient of heat transfer αl 2.0 kW/K

Coefficient of heat transfer αr 20 kW/K

Duration of the regenerative cooling process trl 8×10−3 s

Volume compression ratio λ 1.8
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transfer temperature difference on the cold side on the cycle
performance under varying heat sink temperatures. Figure 9
(b) and (c) show that an increase in the average heat transfer
temperature difference on the cold side results in a peak in
output power, while the thermal efficiency consistently de-
clines. A higher heat sink temperature corresponds to lower
power and thermal efficiency of the cycle.
Figure 9(a) plots the cyclic T-s diagrams under the average

temperature difference at the cold side of 80, 120, and 160 K
and the heat sink temperatures of 275, 300, and 325 K, re-
spectively. As Figure 9(a) illustrates, a higher heat sink
temperature elevates the cold side temperature and reduces
the cycle work output, adversely affecting both power output
and thermal efficiency. In Figure 9(a), a larger average heat
transfer temperature difference at the cold side also increases
the cold side temperature and decreases the cycle work

output. Moreover, it shrinks the heat transfer temperature
ranges of the working fluid at both sides under an identical
heat sink temperature, leading to a decrease in cycle thermal
efficiency. However, a higher cold side temperature en-
hances the heat transfer rate and reduces the cycle time. The
power output is calculated by dividing work output by cycle
time. The conflicting effects of these factors result in a peak
in power output.
Figure 10 shows the effects of the regenerative cooling

time on power and thermal efficiency of the cycle. As the
regenerative time increases, the thermal efficiency continues
to rise, albeit at a decelerating rate, while the power de-
creases with its rate of decline also slowing down. This
phenomenon can be attributed to the fact that when the
working fluid flows through the regenerator, a longer re-
generative time implies more heat being exchanged between

Figure 7 (Color online) (a) T-s, (b) p-v diagrams and (c) energy consumption distribution of case study.

Table 2 Results of case analysis

Circulation
Temperature

( )T K1 ( )T K2 ( )T K3 ( )T K4

335.45 855.96 944.04 464.55

Model
Performance

( )P kW ( )% ( )%rl ( )%rh

33.86 38.90 96.10 88.52
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the fluid and the regenerator, leading to a higher regenerative
efficiency and consequently a higher thermal efficiency.
However, beyond a certain point, the regenerative process
approaches perfection and both values tend to stabilize. Al-
though a longer regenerative time also augments the output
work, it results in an extended cycle period, which in turn
diminishes the power. Therefore, there exists a trade-off
between power and thermal efficiency that hinges on the
optimal selection of regenerative time.
As depicted in Figure 10(a) and (b), thermal efficiency

decreases with increasing ambient temperature. This is due
to the fact that an increase in ambient temperature results in
an augmentation of unavailable thermal energy during the
heat exchange process between the working fluid and the
external heat reservoirs, which subsequently leads to a re-
duction in output work and cycle thermal efficiency. As
observed in Figure 10(c) and (d), both power and thermal
efficiency ascend with an increasing heat transfer coefficient
between the working fluid and the regenerator. A superior
heat transfer coefficient enhances the heat exchange between
the working fluid and the regenerator, thereby improving the
efficiency of the regenerative process and subsequently
elevating both power and thermal efficiency.

4.2.3 Performance optimization
The parametric analysis conducted above indicates that there
exists a peak power value corresponding to the variation of
the average heat transfer temperature difference. The
subsequent numerical optimization aims to ascertain the
maximum power of the model under diverse operating
conditions.
Table 3 presents the numerical optimization results when

the heat source temperature increases from 1000 to 1200 K.
As shown in Table 3, the optimal heat transfer temperature
difference derived from the optimization increases almost
linearly with the ascending heat source temperature. How-
ever, both the magnitude and rate of increase of the opti-
mized value TH are significantly larger than those of
optimized value TL. Consequently, when maximizing the
power of the Stirling engine, the optimal heat transfer tem-
perature difference at the hot side surpasses that at the cold
side. When the heat source temperature rises from 1000 to
1200 K, both the maximum output power and the corre-
sponding thermal efficiency augment by 15.69 kW and
5.77%, respectively. A superior heat source temperature re-
sults in a higher hot side temperature level, which effectively

Figure 8 Model performance at varying hot-side arithmetic mean tem-
perature difference and heat source temperatures. (a) Comparison of T-s
diagrams; (b) power; (c) thermal efficiency.

Figure 9 Model performance at different cold-side arithmetic mean
temperature difference and heat sink temperatures. (a) Comparison of T-s
diagrams; (b) power; (c) thermal efficiency.
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abbreviates the heat exchange time of the cycle and aug-
ments the heat absorption of the working fluid per cycle,
thereby enhancing the cycle performance.
In addition to absorbing heat from the heat source, the

working fluid is also required to dissipate heat to the heat
sink. Consequently, fluctuations in the heat sink temperature
exert a significant influence on optimal performance. Table 4
shows the optimization results of the power at varying heat
sink temperatures. When the heat sink temperature ascends
from 300 to 400 K with a gradient of 25 K, both the maxi-
mum power and the corresponding thermal efficiency di-
minish, declining by 8.39 kW and 4.58%, respectively. As

the heat sink temperature escalates, the cold side temperature
level in the cycle will also rise. As observed in Table 4, with
an increasing heat sink temperature, the heat absorption de-
creases while the heat release augments, implying a reduc-
tion in the output work of the cycle. Furthermore, the cycle
time as depicted in Table 4 exhibits a slight upward trend.
Therefore, both power and thermal efficiency experience a
decrease due to the diminished output work and extended
cycle time, as well as the narrowing temperature differential
between the cold and hot sides.
As demonstrated in both Tables 5 and 6, the maximum

power and the corresponding thermal efficiency ascend with

Figure 10 (Color online) Model performance as a function of regenerative cooling time. (a) Power at different ambient temperatures; (b) thermal efficiency
at different ambient temperatures; (c) power at different regenerative heat transfer coefficients; (d) thermal efficiency at different regenerative heat transfer
coefficients.

Table 3 Optimization results under different temperatures of heat source

( )T KH ( )T KH, opti ( )T KL,opti ( )P kWmax ( )% ( )Q kJ
H

( )Q kJ
L

( )s

1000 159.95 123.04 36.72 34.70 2.92 1.91 0.0276

1050 171.22 129.08 40.55 36.28 3.01 1.92 0.0270

1100 182.54 134.93 44.45 37.75 3.11 1.94 0.0264

1150 193.81 140.61 48.40 39.15 3.20 1.95 0.0259

1200 205.07 146.31 52.41 40.47 3.30 1.96 0.0255
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the enhancement of heat transfer ability in the heater and
cooler. When the heat transfer coefficients h and l increase
from 2 to 10 kW/K, the maximum power and the corre-
sponding thermal efficiency increase by approximately
17 kW and 2%, and 14 kW and 1.5%, respectively. The in-
creased heat transfer coefficients at the hot and cold sides
imply faster heat transfer rates between the working fluid and
the heater, between the working fluid and cooler, respec-
tively. Consequently, the modified Stirling cycle is com-
pleted in a significantly shorter duration, as depicted in
Tables 5 and 6. Therefore, the maximum power escalates
with the increased heat transfer coefficient. From Table 5, as
the heat transfer coefficient h increases, the optimized
temperature difference value TH rises more sharply than the
decrease in the optimized temperature difference TL,
thereby leading to an improvement in the thermal efficiency.
According to Table 6, the escalation in the heat transfer
coefficient l leads to a more substantial increase in the
optimized temperature difference TL than the decrease in the
optimized temperature difference TH , which is equally
conducive to an increase in thermal efficiency.

4.2.4 Multi-objective optimization
It was observed that an increase in the heat transfer tem-
perature difference and regenerative time results in a re-
duction in thermal efficiency but an escalation in power. In
practical optimization problems, a single optimal solution is
usually elusive due to the conflict among objectives. Multi-
objective optimization can strike a balance and compromise
among multiple optimization objectives to achieve an overall
optimal outcome. The solution from multi-objective opti-
mization is not a single optimal solution, but a set of Pareto
solutions.
NSGA-II, a widely utilized algorithm with commendable

performance for multi-objective optimization problems,
improves upon NSGA in three main aspects: (1) It uses a fast
non-dominated sorting algorithm to reduce the complexity of
computing the non-dominated order; (2) it introduces an elite
strategy to expand the sampling space and improve the ac-
curacy of optimization results; (3) it introduces crowding and
crowding comparison operators to ensure the diversity of
populations. Figure 11 delineates the algorithm flow chart of
NSGA-II. The key steps are as follows: Initially, fast non-
dominated sorting stratifies the initial population and assigns

Table 4 Optimization results under different temperatures of heat sink

( )T KL ( )T KH, opti ( )T KL,opti ( )P kWmax ( )% ( )Q kJ
H

( )Q kJ
L

( )s

300 159.95 123.04 36.72 34.70 2.92 1.91 0.0276

325 154.53 118.12 34.61 33.69 2.90 1.92 0.0283

350 149.09 113.86 32.50 32.57 2.89 1.95 0.0290

375 143.60 110.04 30.40 31.38 2.88 1.98 0.0297

400 138.17 106.43 28.33 30.12 2.87 2.01 0.0306

Table 5 Optimization results under different heat transfer abilities of heater

( )kW/Kh ( )T KH, opti ( )T KL,opti ( )P kWmax ( )% ( )Q kJ
H

( )Q kJ
L

( )s

2 159.95 123.04 36.72 34.70 2.92 1.91 0.0276

4 124.79 133.96 44.88 35.80 3.00 1.92 0.0239

6 106.74 139.40 49.29 36.35 3.04 1.93 0.0224

8 95.04 142.77 52.19 36.70 3.06 1.94 0.0215

10 86.67 145.26 54.31 36.94 3.08 1.95 0.0210

Table 6 Optimization results under different heat transfer abilities of cooler

( )kW/Kl ( )T KH, opti ( )T KL,opti ( )P kWmax ( )% ( )Q kJ
H

( )Q kJ
L

( )s

2 159.95 123.04 36.72 34.70 2.92 1.91 0.0276

4 174.49 97.57 43.36 35.48 2.93 1.89 0.0239

6 181.80 84.48 46.70 35.82 2.93 1.88 0.0225

8 186.33 76.05 48.81 36.02 2.94 1.88 0.0217

10 189.45 69.97 50.29 36.15 2.95 1.88 0.0212
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them the same non-dominated order within each stratum.
Subsequently, crowding distance selectively sorts in-
dividuals with the same non-dominated order. Finally, an
elite strategy mixes parent and offspring individuals to form
a new population that retains superior individuals and
eliminates inferior ones.
This section presents a multi-objective optimization ana-

lysis of the irreversible modified Stirling cycle model using
the NSGA-II algorithm. Table 7 provides the setting para-
meters of the NSGA-II algorithm.
The optimization objectives are the output power P and the

thermal efficiency η, as defined by eqs. (39) and (40). The
average temperature difference δTH and δTL, the regenerative
cooling time trl, and the volume compression ratio λ, are
selected as four decision variables, subject to the constraints
in Table 8.
Two objectives are both maximized simultaneously in the

multi-objective optimization. Figure 12 shows the Pareto
front, where both ideal and non-ideal solutions are indicated.
The ideal solution is located in the upper right corner of the
figure, representing the maximum power and thermal effi-
ciency. However, the trend of power and thermal efficiency
is reversed: as the power increases from 7 to 43 kW, the
thermal efficiency decreases from 40.5% to 36%. Further-
more, three final solutions selected by the fuzzy Bellman-
Zadeh, LINMAP, and Technique for Order Preference by
Similarity to an Ideal Solution (TOPSIS) decision makers are
indicated in Figure 12.
Table 9 compares the decision solutions obtained from

three decision methods with the corresponding results for the

single objective optimization and the ideal solution. From
Table 9, it can be observed that the thermal efficiency of the
decision solution obtained using the fuzzy Bellman-Zadeh
decision method is higher, while the power of the decision
solution obtained by the LINMAP and TOPSIS decision
methods is higher. To evaluate the merit of each decision
solution, the deviation index d of each decision method so-
lution from the ideal solution is presented in Table 9. The
table shows that the deviation index of the solutions of fuzzy
Bellman-Zadeh, LINMAP and TOPSIS decision methods
are 0.1544, 0.0700 and 0.0700, respectively, and that of the
single-objective optimization solutions for power and

Figure 11 Flow chart of the NSGA-II algorithm.

Table 7 NSGA-II algorithm parameters

Parameter Value

Pareto fraction 0.5

Population size 300

Generations 400

Crossover fraction 0.8

Table 8 Ranges of decision variables

Decision variable Range Unit

TH
100–240 K

TL
100–240 K

t rl
0.001–0.008 s

1.5–3 –
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thermal efficiency are 0.0839 and 0.9161, respectively. It
indicates that the decision solutions of LINMAP and
TOPSIS have lower deviation index. Hence, this paper uses
the TOPSIS decision solution as the final desired optimal
solution.
Figure 13 compares the results of multi-objective and

single-objective optimizations. As shown in this figure, the
TOPSIS solution trades off some power for higher thermal

efficiency than the power maximization solution. It also
achieves much higher power than the thermal efficiency
maximization solution with a smaller efficiency loss.
Therefore, the TOPSIS solution is a good compromise for
increasing the power without significantly decreasing ther-
mal efficiency.

5 Conclusions

This paper proposes a modified Stirling cycle model, based
on the available potential function, to more accurately de-
scribe the heat transfer process of the Stirling engine and to
derive an expression for the thermal efficiency. The thermal
efficiency of the modified Stirling cycle is lower than that of
the ideal Stirling cycle and aligns more closely with the
actual Stirling engine efficiency within the same temperature
range.
To further investigate the performance of the modified

Stirling cycle, an irreversible modified Stirling cycle model
with constant heat source, finite temperature difference heat
transfer, and incomplete regenerative processes was estab-
lished using the FTT method. With the modified irreversible
model of Stirling cycle and corresponding algorithm, the
effect of the average heat transfer temperature difference and
regenerative time on the model performance was analyzed.
Results indicate that the thermal efficiency of the irreversible
modified Stirling cycle decreases with the increase of the
average heat transfer temperature difference between the hot
and cold sides, while a maximum value of the output power
exists. The optimum power of the model was obtained for
different heat source temperatures and heat transfer coeffi-
cients by optimizing the average heat transfer temperature
difference between the hot and cold sides. The multi-objec-
tive optimization of proposed model with power and thermal
efficiency as objectives showed that the LINMAP and
TOPSIS decision methods result in lower deviation indexes
for optimization results. Compared with single-objective
optimization, multi-objective optimization balances the two
objectives well. The optimal power and thermal efficiency of
40.87 kW and 44% are obtained, respectively.

Figure 12 Pareto optimal frontier in the objective space.

Figure 13 Performances of the different optimization methods.

Table 9 Comparison of the final optimal solutions with the single objective optimization

Optimal solution Decision
making method

Decision variables Objective Deviation index

( )T KH ( )T KL ( )t srl ( )P kW ( )% d

Multi-objective optimization

FUZZY 100.53 100.16 0.0108 2.62 37.05 39.14 0.1544

LINMAP 128.22 104.15 0.0107 2.96 40.87 37.43 0.0700

TOPSIS 128.22 104.15 0.0107 2.96 40.87 37.43 0.0700

Max power – 147.19 116.20 0.0107 2.95 42.26 35.87 0.0839

Max efficiency – 100.00 100.00 0.0800 1.50 8.24 40.35 0.9161

Ideal solution – – – – – 42.26 40.35 0.0000
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