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a b s t r a c t

In this paper, an irreversible thermodynamic cycle working between two constant temperature external
reservoirs is proposed to model the practical Stirling engine by applying finite time thermodynamics
(FTT). To analyze the regenerative processes, the regenerator is assumed to consist of numerous smaller
heat reservoirs with individual temperature, and the irreversible heat transfer occurs between the
working fluid and these smaller heat reservoirs. To analyze the expansive and compressive processes,
polytropic processes are adopted to model the expansive and compressive processes, and corresponding
polytropic exponents are obtained by thermodynamics for the first time. Based on the proposed ther-
modynamic model, the expression of thermal efficiency and output power are derived. In addition, the
effects of thermodynamic parameters on power and efficiency are investigated to evaluate the perfor-
mance of the proposed model. To optimize the proposed Stirling cycle model, an intelligent optimization
algorithm named multi-objective particle swarm optimization based on crowding distance (MOPSOCD)
is adopted to optimize the output power and thermal efficiency simultaneously.

© 2019 Elsevier Ltd. All rights reserved.
1. Introduction

As a large amount of heat is released to the environment in heat-
work conversion processes, Stirling engine has come to widely
studied for its high heat-work conversion efficiency. Besides, the
superiorities of Stirling engine as cleanness, reliability, and quiet-
ness attract more and more researchers and engineers’ interests.

As an external heated engine with a regenerator, ideal Stirling
engine consists of an external heating process, an external cooling
process, and two regenerating processes. Stirling cycle, the ideal
cycle model of Stirling engine, has the same efficiency with Carnot
cycle, i.e. the highest heat-work conversion efficiency. However, in
a practical Stirling engine, the working fluid does not follow the
ideal Stirling cycle. To develop the guide of practical engines, Stir-
ling engine's thermodynamic analysis has never been stopped since
its inception [1e3].

Finite time thermodynamics (FTT) is a prevailing thermody-
namics analysis method which was first proposed by Curzon and
Ahlborn [4] to describe external irreversible Carnot cycle. The ef-
ficiency of Carnot cycle is the maximum efficiency with which
thermal energy can be converted to mechanical energy. However,
to achieve the ideal Carnot efficiency, the contact time must be
infinite and results in zero power, which is impossible in practice. In
FTT, being considered in finite time, thermodynamic processes are
irreversible and the corresponding cycle efficiency is less than the
ideal one. Following the effort made by Curzon and Ahlborn, much
work has been carried out through FTT [5,6]. Blank et al. [7] applied
FTT to Stirling engines to investigate the potential performance
bounds. The model they proposed was based on a regenerator with
perfect efficiency and external heat reservoirs with constant tem-
peratures. They developed an endoreversible Stirling cycle model
considering the thermal resistance in heat exchangers and opti-
mized it to provide maximum power. Different from Blank, Ladas
and Ibrahim [8] applying FTT to Stirling engine analysis by taking
mass and energy balances with associated heat-transfer-rate
equations into consideration, and found that based on engine
speed and heat-transfer contact duration, there exists an optimum
power output for a given engine design.

In the actual situation, as the regenerator is not perfect for
regenerative heat loss, it is necessary to consider the imperfect
regenerator when modeling the realistic Stirling engine. By
defining a regenerative effectiveness, some scholars developed
Stirling engine models with imperfect regenerators [9e17]. With
the method of FTT, Wu et al. [13] developed a thermodynamic
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Fig. 1. The temperature-entropy diagram of the Stirling engine.
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model of imperfect Stirling engine and derived the relationship
between the power and efficiency. Ding et al. [18] studied and
optimized Stirling engine under a linear phenomenological law
with irreversibility as heat resistance, heat leakage, regeneration
loss andmechanical losses. Chen et al. [14] used FTT to investigate a
solar Stirling system with the definition of regenerative effective-
ness and obtained the thermal efficiency limit of the system. They
also used the same method to develop thermodynamic models of
Stirling heat pump [19] and refrigerator [20,21]. Considering the
irreversible regenerative loss, Dai et al. [22] presented a detailed
analysis of the regenerative processes instead of defining a regen-
erative effectiveness and obtained a more detailed Stirling engine
model based on FTT. In addition, the thermal efficiency could be
raised by the way of heat transfer enhancement in the heater,
cooler and regenerator of Stirling engine [23,24].

In these cycle models, to ensure the isothermal assumptions in
expansion and compression processes, the regenerative heat loss
caused by temperature difference between the working fluid and
regenerator, need to be additional supplied by heat reservoirs.
However, in practice, there is no external heating process to supply
regenerative heat loss and neither the expansion nor compression
process is isothermal. Based on polytropic processes assumptions,
Erbay et al. [25] developed a Stirling engine model with constant
temperature heat reservoirs. They evaluated the model with
several specific exponents of polytropic processes. The values of
polytropic exponents in heating and cooling processes still need to
be determined by thermodynamics.

As an effective and efficient optimization method, artificial-
intelligence-based algorithms have been widely applied in phys-
ical and engineering optimization [26e30]. Among these algo-
rithms, the genetic algorithm is a most general used algorithm in
Stirling engine designs. With isothermal assumptions in expansion
and compression process, Ahmadi et al. [31e33] took multi-
objective optimization of Stirling engines using genetic algorithm.
Duan et al. [34] applied the particle swarm optimization, an intel-
ligent optimization algorithm with an advantage in searching
speed, to Stirling engine optimization, result of which demon-
strated a superiority compared with that of single-optimization
method. Luo et al. [35] developed a multi-objective method con-
sisting of three different kinds of algorithms to the optimization of
GPU3 Stirling engine.

In previous studies on Stirling engine cycles, the expansion and
compression processes are mainly based on ideal isothermal as-
sumptions, and the imperfect regeneration is considered simply by
defining a regenerative effectiveness. However, the isothermal
requirement for expansion and compression processes is hard to
fulfill due to the temperature difference between the working fluid
and external heat reservoirs with constant temperature. The
expansion and compression processes of a practical Stirling engine
are closer to polytropic processes rather than isothermal processes.
In addition, due to the temperature difference between theworking
fluid and porous materials in the regenerator, the irreversibility of
heat transfer in regeneration should be considered. Thus, in this
paper, a practical Stirling engine cycle model considering irre-
versible heat transfer both in the regeneration and polytropic
processes is established with FTT. The expressions of thermal effi-
ciency and output power are derived, and the effects of thermo-
dynamic parameters on the cycle performance are investigated. To
optimize the proposed model, a multi-objective optimization al-
gorithm named MOPSOCD is adopted to optimize the thermal ef-
ficiency and output power simultaneously.

1.1. Analysis with finite time thermodynamics

The temperature-entropy diagram of Stirling engine with two
constant-temperature external heat sources is depicted in Fig. 1.
Previous FTT Stirling engine models considered the irreversibility
caused by temperature difference in expansive and compressive
processes. As a result, the compression stroke releasing heat to an
external heat sink and expansion stroke absorbing heat from an
external source are modeled as isothermal processes 1e2 and 3e4,
respectively. The working fluid transfer heat from and to the
regenerator are modeled as isochoric processes 2e3 and 4e1,
respectively. In real Stirling engines, the efficiency of regenerator
cannot reach 100%, which means the heat absorbed from and
release to the regenerator cannot be as much as expected. Due to
the imperfect regeneration, the outlet temperatures of working
fluid during isochoric heating and cooling processes are T3’ and T1’,
rather than T3 and T1. Due to the existence of thermal resistance,
there is temperature difference between the working fluid and
external heat reservoirs in finite time. As a result, the practical
Stirling engine cycle is modeled as consists of two isochoric pro-
cesses and two non-isothermal processes.
1.2. Regeneration

As a crucial component of Stirling engine cycle, the regeneration
consists of a regenerative heating process to absorb heat from the
regenerator and a regenerative cooling process to reject heat to the
regenerator. An ideal regeneration is a quasistatic process, which
means it needs to proceed with infinite time. In practice, however,
the Stirling engine generally works with a high frequency and as a
consequence the corresponding duration is short. As a result, the
working fluid is disabled to get to the anticipated temperature
when accomplishing the regeneration and the regenerator invari-
ably follows an unevenly temperature distribution. Therefore, as
depicted in Fig. 2, the regenerator is supposed to consist of
numerous smaller heat reservoirs with individual temperatures.
Heat transfer occurs when the working fluid contacts these smaller
heat reservoirs sequentially during regenerative processes.

The working fluid of Stirling engine is usually a kind of gas like
air, helium, or hydrogen. As the heat capacity of the working fluid is
much smaller than that of the regenerator, we assume the tem-
perature distribution of the sub-regenerator stays the same when
the working fluid flows through the regenerator. Temperatures of n



Fig. 2. Schematic diagram of temperature difference in regenerative heating process.
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sub-regenerators are assumed to have individual temperatures
varying from Tl þ △T to Th�△T, and the constant temperature
difference between adjacent sub-regenerators is△T. Consequently,
the constant temperature difference △T is given by

DT ¼ Th � Tl
nþ 1

: (1)

Then the temperature of the ith sub-regenerator has the
following expression as

Tr;i ¼ Tl þ
Th � Tl
nþ 1

i ; i ¼ 1;2;…;n: (2)

Denote the entire duration of the regenerative heating process
by tr, and the working fluid flows through each sub-regenerator
with the average time as

Dt ¼ tr
n
: (3)

The temperature of the working fluid leaving out of the
compression chamber, and the ith sub-regenerator are Tl and Tr,i,
respectively. We can know from the Newton's law of cooling that
the rate of heat absorbs by the working fluid is proportional to the
heat transfer coefficient and temperature difference between it and
the ith sub-regenerator, i.e.,

dQi ¼hrAr

�
Tr;i � Tf ;i

�
dt ; i ¼ 1;2;…;n; (4)

where hr and Ar are the convective heat transfer coefficient and the
contact area, respectively. For convenience, we denote the product
of hr and Ar as ar. As there is no volume variation during regener-
ation, all the heat transferred to the working fluid is used to pro-
mote its internal energy, i.e.,

dQi ¼mcvdTf ;i ; i ¼ 1;2;…;n: (5)

By substituting Eq. (4) into Eq. (5), we have the relationship
between Tr,i and Tf,i as

dt¼ SdTf ;i�
Tr;i � Tf ;i

� ; i ¼ 1;2;…;n; (6)

where S¼mcv/ar. According to the equations above we can get the
relationship between Tf,i and Tf,i-1 as

Tr;i � Tf ;i�1

Tr;i � Tf ;i
¼ e

tr
nS ; i ¼ 1;2;…;n: (7)
By substituting Eq. (2) into Eq. (7), we can obtain the expression
of Tf,i by iteration as

Tf ;i ¼ Tl þ
Th � Tl
nþ 1

0
BB@i� e�

tr
nS i � 1

1� e
tr
nS

1
CCA ; i ¼ 1;2;…;n: (8)

When i¼ n, Tf,i can be written as Tf,n, representing the temper-
ature that working fluid reaches after transferring heat with n sub-
regenerators. The temperature of working fluid reaches its maximal
value after the entire regenerative heating process, which can be
stated as

Tf ;n ¼ Tl þ
Th � Tl
nþ 1

0
BB@nþ 1� e�

tr
S

1� e
tr
nS

1
CCA: (9)

The regenerative effectiveness, defined as the ratio of heat
transfer in real to that in ideal during regenerative processes, can be
determined by the following expression,

er ¼ Qreal
Qideal

¼ Tf ;n � Tl
Th � Tl

¼

n� 1�e
tr
S

e
tr
S�e

tr
S

�
1
nþ1

�

nþ 1
: (10)

In a similar way, we can obtain the same expression for regen-
erative cooling effectiveness in the same duration tr.

When n/ ∞, which means there are infinite sub-regenerators,
the regenerative effectiveness can be simplified as

er ¼1� S

tr

0
@1� e�

tr
S

1
A: (11)

In practice, due to the finite values of S and tr, er is a number less
than 1, indicating the imperfection of regeneration. According to
the definition of regenerative efficiency, the outlet temperatures of
the working fluid for regenerative cooling and heating processes
can be stated as

T10 ¼ T1 þ
S

tr

0
@1� e�

tr
S

1
AðT4 � T1Þ; (12)

and
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T30 ¼ T3 �
S

tr

0
@1� e�

tr
S

1
AðT3 � T2Þ: (13)

1.3. Expansion process

In the expansion process, the working fluid absorbs heat from
the external heat source with a constant temperature Th, and in the
meantime, the expansive work is produced. Due to the imperfect
regeneration, the working fluid's initial temperature in the
expansion process is T3’, which is unequal to its final temperature in
the expansion stroke T4. That means the expansion process of a
Stirling engine is a non-isothermal process, which conflicts with
the fact that the expansion and compression processes of the ideal
Stirling cycle are isothermal processes. To investigate the thermo-
dynamic process in the expansion space, wewill take the polytropic
process into consideration.

Denote the index of the polytropic expansive process by n1, then
the relationship of pressure and volume can be described as

pVn1 ¼ c1: (14)

The ideal gas equation of state of the working fluid is given by

pV ¼ mRgT: (15)

Then the relationship of volume and temperature of the work-
ing fluid during the expansion process can be stated as

TVn1�1 ¼ c1
mRg

: (16)

At the initial and final states of working fluid in the expansion
process, i.e., states 30 and 4, the relationships can be obtained as

8>>>>><
>>>>>:

T30Vn1�1
30 ¼ c1

mRg

T4V
n1�1
4 ¼ c1

mRg

: (17)

Then the polytropic index n1 and constant c1 can be derived as

n1 ¼
lnðT30=T4Þ
lnðV4=V30 Þ þ 1; (18)

and

c1 ¼ mRgT4V
lnðT30 =T4Þ
lnðV4=V30 Þ
4 : (19)

The regenerative effectiveness in Eq. (10) can be written in
terms of T3ˊ/T4 as follows:

er ¼ Qreal

Qideal
¼ cvmðT30 � T2Þ

cvmðT4 � T2Þ
¼

T30
T4

� g

1� g
; (20)

where g¼ T2/T4. By substituting Eq. (20) into Eq. (18)� (19), the
polytropic index n1 and constant c1 can be obtained as

n1 ¼
lnðer þ ð1� erÞgÞ

ln l
þ 1; (21)

and
c1 ¼ mRgT4V
lnðerþð1�er ÞgÞ

ln l

4 ; (22)

where l¼ V1/V2 ¼ V4/V3.
The rate of heat transfer into the working fluid is proportional to

the temperature difference between the working fluid and heat
source according to the heat transfer theory. Thus, we state the heat
transfer during the expansion process as

dQh ¼ ahðTh � TÞdt; (23)

where Qh denotes the amount of heat transfers in the expansion
process, ah denotes the thermal conductance between the working
fluid and heat source.

As the first law of thermodynamics describes, the heat absorbed
by the working fluid is used to increase its internal energy and
produce work

dQh ¼mcvdT þ pdV : (24)

Combining Eqs. (23) and (24), the relationship of time and
volume of working fluid during the expansion process can be ob-
tained as

dt ¼
c1

�
cv
Rg
ð1� n1Þ þ 1

�

ah

�
THVn1 � c1V

mRg

� dV : (25)

Integrating the above equation and considering the initial and
final state of the working fluid in the expansion process, the
expansion duration can be expressed as

th ¼ m
�
cvð1� n1Þ þ Rg

�
ahðn1 � 1Þ ln

mRgTH � c1V
1�n1
4

mRgTH � c1V
1�n1
3

: (26)

The expansion work can be calculated as

Wh ¼
ðV4

V30

pdV ¼ 1� ln1�1

1� n1
mRgTh: (27)

In the expansion process, the absorbed heat is used to produce
work and promote the internal energy of the working fluid, which
can be expressed as

Qh ¼Wh þ DU ¼ 1� ln1�1

1� n1
mRgTh þmcvð1� erÞðTh � TlÞ: (28)

1.4. Compression process

In the compression process, the working fluid rejects heat to a
heat sink with a constant temperature. For the same reason in the
regenerative rejecting heat process, the initial temperature of
working fluid in compression space is T1’ rather than T1, while the
final temperature of working fluid in compression process is T2.
That means the compression process of the Stirling engine is also a
non-isothermal process, which conflicts with the assumption of the
ideal Stirling cycle that the compression process is isothermal. To
investigate the process in compression space, we will take the
polytropic process into consideration as well.

Denote the index of the polytropic compressive process by n2,
then the relationship of pressure and volume can be described as
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pVn2 ¼ c2: (29)

According to the ideal gas equation of state, the relationship of
volume and temperature can be derived as

TVn2�1 ¼ c2
mRg

: (30)

At the initial and final states of working fluid in the expansion
process, i.e., states 10 and 2, the relationships can be obtained as

8>>>>><
>>>>>:

T10Vn2�1
10 ¼ c2

mRg

T2V
n2�1
2 ¼ c2

mRg

: (31)

Then the polytropic index n2 and constant c2 can be derived as

n2 ¼ lnðT2=T10 Þ
lnðV10=V2Þ

þ 1; (32)

and

c2 ¼ mRgT2V
lnðT2=T10 Þ
lnðV10 =V2Þ
2 : (33)

The regenerative effectiveness in Eq.(10) can be written in terms
of T1ˊ/T4 as follows:

er ¼ Qreal

Qideal
¼ cvmðT4 � T10 Þ

cvmðT4 � T2Þ
¼ 1� T10

T4
1� g

; (34)

where g¼ T2/T4. By substituting Eq. (34) into Eqs. (32),(33), the
polytropic index n2 and constant c2 can be obtained as

n2 ¼
ln
�

g
ð1�erÞþerg

�

ln l
þ 1; (35)

and

c2 ¼ mRgT2V

ln

�
g

ð1�er Þþerg

�
ln l

2 ; (36)

The compression process is also a non-isothermal process
because the initial temperature of the working fluid in compression
space is not low enough to T1 but T1’ after the imperfect regener-
ative process 4e10. Denote the temperature of the heat sink by Tl
and the heat absorbed by the heat sink in compression Ql is
determined by the following expression

dQl ¼ alðT � TlÞdt; (37)

where Ql denotes the amount of heat transfers in the compression
process, al denotes the thermal conductance between the working
fluid and external heat sink.

As the first law of thermodynamics describes, the heat released
to the heat sink has the same amount to the change in internal
energy of working fluid plus the work done by the working fluid,
which can be written as follows

�dQl ¼ mcvdT þ pdV : (38)

Combining Eqs. (37) and (38), the relationship of time and
volume of working fluid during the compression process can be
obtained as
dt ¼
c2

�
cv
Rg
ð1� n2Þ þ 1

�

al

�
TlVn2 � c2V

mRg

� dV : (39)

Integrating the above equation and considering the initial and
final states of the working fluid in the compression process, the
compression duration can be expressed as

tl ¼
m
�
cvð1� n2Þ þ Rg

�
alðn2 � 1Þ ln

mRgTL � c2V
1�n2
2

mRgTL � c2V
1�n2
1

: (40)

The compression work can be calculated as

Wl ¼ �
ðV2

V10

pdV ¼ l1�n2 � 1
1� n2

mRgTl: (41)

1.5. Performance of the model

As there is no volume change during regenerative processes, the
work is only produced during the expansion and compression
processes, which can be expressed as

W ¼Wh �Wl ¼
�
1� ln1�1

1� n1
Th �

l1�n2 � 1
1� n2

Tl

�
mRg: (42)

Then the thermal efficiency of the cycle can be developed as

h¼W
Qh

¼
1�l

n1�1

1�n1
� l

1�n2�1
1�n2

g

1�l
n1�1

1�n1
þ ð1� erÞð1� gÞ cv

Rg

: (43)

The cyclic duration of Stirling engine can be calculated as

t¼ th þ tl þ 2tr: (44)

The power output can be obtained by dividing the net cycle
work by the cyclic time, which can be expressed as

P¼W
t

¼

�
1�l

n1�1

1�n1
Th � l

1�n2�1
1�n2

Tl

�
mRg

th þ tl þ 2tr
: (45)

2. Sample calculations and discussion

In order to analyze the performance of this cycle model, we take
helium as the working fluid for instance and design parameters of
the Stirling engine are given asm¼ 4 g, cv¼ 3.21 J/(g$K), Rg¼ 2.08 J/
(g$K), Th¼ 1000 K, Tl¼ 300 K, ar¼ 20 kJ/(K$s), ah¼ 2 kJ/(K$s), al¼ 2
kJ/(K$s), T2¼ 400 K, T4¼ 800 K, tr¼ 0.005 s. Computing with MAT-
LAB and REFPROP developed by NIST (National Institute of Standard
and Technology), the temperature-entropy and pressure-volume
diagrams of working fluid in this model are plotted in Fig. 3.

As shown in Fig. 3, the ideal Stirling cycle is drawn in black and
the processes of themodel presented in this study are drawn in red.
In an actual situation, an isochoric process is easy to proceed and
we consider the regenerative processes are the same as the ideal
cycle but the final status is different from that of the ideal cycle due
to the regenerative loss. As a result, the regenerative processes are
4-10 rather than 4-1 and 2e30 rather than 2e3 as shown in Fig. 3. In
the ideal cycle, the output power and thermal efficiency of Stirling



(a)

(b)

Fig. 3. The comparisons of Stirling cycle model in pressure-volume diagram (a); temperature-entropy diagram (b).

D. Dai et al. / Energy 186 (2019) 1158756
engine are 8.30 kW and 50%, respectively. For this Stirling engine
model, according to Eqs. (43) and (45), the output power is 7.24 kW,
and thermal efficiency is 39.25%, which are reduced by 1.06 kWand
10.75%, respectively.

2.1. Parametric study

A parametric study was conducted to observe the effects of the
mass of working fluid m, thermal conductance in the expansion
stroke ah, thermal conductance in the expansion stroke al, regen-
erative duration tr, and volume compression ratio l on output
power and thermal efficiency of Stirling engine. Helium is chosen as
the working fluid in this Stirling engine model. Parametersm, ah, al,
tr, and l are varied as Table 1 shows to demonstrate the trends. For
convenience, other parameters are set as the same as mentioned
above. The results of the study are presented in Figs. 4e8.

It can be observed from Fig. 4 that when the mass of working
fluid increases from 2.5 g to 7 g, the output power increases from
7.7 kW to 20.3 kW while the thermal efficiency decreases from
43.4% to 33.9%. When operating at a larger mass, the working fluid
expanses and compresses at higher pressure and as such produces
more cycle net work, which causes the output power increases.



Fig. 4. Power and efficiency versus mass of working fluid.

Table 1
Ranges of studied parameters.

Parameter Range Unit

m 2.5e7 g
ah 4e22 kW/K
al 4e22 kW/K
tr 0.015e0.105 s
l 2e6 e

Fig. 6. Power, efficiency and heating time versus thermal conductance in the
compression stroke.

Fig. 7. Power, efficiency and regenerative effectiveness versus regenerative time.
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With fixed specific heat capacity cv and heat transfer parameter ar, a
larger mass of the working fluid leads to a lower regenerative
effectiveness, and then bring down the thermal efficiency of the
Stirling engine. As there is a conflict between output power and
thermal efficiency in term of the mass of working fluid, a decision-
Fig. 5. Power, efficiency and heating time versus thermal conductance in expansion stroke.



Fig. 8. Power and efficiency versus volume compression ratio.
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making is necessary to make the Stirling engine perform well. In
practice, themaximumpressure should be taken into consideration
when increasing the mass of the working fluid.

As shown in Fig. 5, with the thermal conductance in the
expansion stroke increases from 4000W/K to 22000W/K, the po-
wer output increases from 15.4 kW to 32.9 kW, the required heat-
ing time decreases from 0.128 s to 0.023 s while the thermal
efficiency stays constant. A larger thermal conductance means in a
greater ability to transfer heat, resulting in a shorter time to transfer
a certain amount of heat. It can be observed from Eq. (34) that the
thermal efficiency has no relationship with the thermal conduc-
tance in the expansion stroke. Therefore, a large heat conductance
in the expansion stroke is necessary to improve the output power of
the Stirling engine.

The effect of the thermal conductance in the compression stroke
on output power, thermal efficiency, and required cooling time in
the compression stroke are shown in Fig. 6. We can observe that
when the thermal conductance in the compression stroke increases
from 4000W/K to 22000W/K, the power output increases from
16.3 kW to 24.1 kW, the required heating time decreases from 0.07 s
to 0.001 s while the thermal efficiency stays constant. For the same
reason with that in the expansion stroke, a large thermal conduc-
tance in the compression stroke is beneficial to the performance of
Stirling engine.

The effects of the regenerative time on output power, thermal
efficiency, and regenerative effectiveness are represented in Fig. 7.
With the regenerative time increases, the thermal efficiency and
effectiveness increasewith decreasing accelerated speeds while the
output power decreaseswith a decreasing accelerated speed.When
the working fluid flows through the regenerator, the heat transfers
more sufficiently with a longer regenerative time. Therefore, the
regenerative effectiveness and thermal efficiency increase as more
heat is utilized. Nevertheless, for the output power, when the
regenerative time increases, the effect of cycle duration outweighs
that of the cycle work according to the results obtained in Fig. 7.

Fig. 8 shows the effects of volume compression ratio on power
and efficiency. Non-linear trends are observed from Fig. 8: with the
volume compression ratio increases, the thermal efficiency in-
creases rapidly at first, and then slightly; while the output power
decreases rapidly at first, and then slightly. Therefore, a high vol-
ume compression ratio leads to high output power but low thermal
efficiency. As there is a conflict between output power and thermal
efficiency in term of the compression ratio, a decision-making is
necessary to make the Stirling engine perform well.
2.2. Multi-objective optimization

With respect to the optimization of a Stirling engine, objective
functions like output power and thermal efficiency always conflict
with each other. For example, in Fig. 8, with the volume compres-
sion ratio increases, the thermal efficiency increases while the
output power decreases. In this section, an intelligence optimiza-
tion algorithm, multi-objective optimization particle swarm opti-
mization based on crowding distance (MOPSOCD) [36], is adopted
to optimize the proposed Stirling cycle model.

As a population-based stochastic algorithm, the particle swarm
optimization algorithm is heuristic inspired by the social behavior
of bird flocking. In the beginning, some numerical vectors, which
are conceptualized as particle swarm, are randomly initialized in
the objective space. With the algorithm proceeds, the particle
swarm moves towards the optimal regions in the objective space,
and dynamically adjust the speed based on the integrated analysis
of the individual and collective flight experience over generations.
At each step, the particle updates its position by adding the velocity
to its previous position. So the position of the ith particle in the tth
step can be calculated by

xðtÞi ¼xðt�1Þ
i þ vðtÞi (46)

The velocity of each particle is updated by the following
equation

vðtþ1Þ
i ¼avðtÞi þ b1

�
pi � xðtÞi

�
þ b2

�
pg � xðtÞi

�
(47)

where p is the best position found so far by the ith particle, g is the
index of the ith particle's best neighbor, a is an inertia weight, b1
and b2, generated randomly in the range (0, 1), are called acceler-
ation constants.

With the program process, if the current position is better than
p, p will be replaced by the current position. As a result, the par-
ticles swarm cluster together in optimal regions of the objective
space, i.e., the Pareto frontier. PSO is an intelligent optimization
algorithmwith a strong convergence ability but it is easy to lose the
diversity of solutions and trapped in a local optimum.

To maintaining the diversity of the solutions and avoid being
trapped in local optimum, the crowding distance is adopted in the
MOPSOCD algorithm to deal with multi-objective optimizations. As
shown in Fig. 9, with respect to particle i, the mean distance of its
Fig. 9. Crowding distance in the Pareto frontier.



Fig. 11. Pareto optimal frontier in objective space.
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two adjacent particles in the Pareto frontier, namely particles i�1
and iþ1, is defined as its crowding distance as follows:

di ¼
di;1 þ di;2

2
(48)

By measuring the crowding distance formed by the neighboring
particles, the density of the particle distribution is obtained. A
higher crowding distance indicates a lower density of the particle
distribution and higher diversity of the solution. Conversely, a
lower crowding distance denotes higher density of the particle
distribution and a lower diversity of the solution. To promote the
diversity of the solutions, a solution with a higher diversity will be
selected in the archive with a stronger possibility. The structure of
MOPSOCD applied in the study is illustrated in Fig. 10.

Three thermodynamic parameters, the mass of working fluid,
regenerative duration and volume compression ratio, are chosen as
the decision variables and their limits are set as

5 g�m � 8 g; (49)

0:001 s� tr � 0:003 s; (50)

1:5� l � 5: (51)

The output power and the thermal efficiency denoted by Eqs.
(45) and (43) are chosen as the two optimization objectives. The
population size is set as 200 and maximum generation 2000. The
Pareto frontier obtained by the multi-objective optimization is
plotted in Fig. 11. With respect to the parameters given above, the
ideal point should be located at the top-right, leading to the
maximum thermal efficiency and the highest output power. In
contrast, the non-ideal point should be located at the bottom-left,
leading to the lowest thermal efficiency and the least output po-
wer. In Fig. 11, we can observe the conflicting relationship is evident
between the thermal efficiency and the output power. It is observed
that the optimal solutions are located in 11.31 kW� P� 61.02 kW
and 9.22% � h� 37.27%. The blue circle represents the Pareto
optimal solution, composing the Pareto frontier. The red star rep-
resents the final optimal solution selected by the decision-making
method TOPSIS. The corresponding objectives as output power
start

Initialize
swarm

Evaluate
particles

Store the non
vectors in exte

Computer the
distance

Sort the nond
soluti

Select the g
guid

Fig. 10. The flow cha
and thermal efficiency are 51.03 kWand 17.50%, and variables as the
mass of working fluid, regenerative duration and volume
compression ratio are 5.29 g, 0.0017 s and 1.50.

The results obtained by multi-objective and single-objective
optimizations are compared in Fig. 12. Compared with the
optimal result obtained by the single-objective optimization of
power, the optimal result through the multi-objective optimization
algorithm MOPSOCD and selected by TOPSIS was obtained as
16.37% lower in terms of power, but 89.80% higher in terms of ef-
ficiency. Compared with the optimal result obtained by the single-
objective optimization of efficiency, the optimal result through the
multi-objective optimization algorithm MOPSOCD and selected by
TOPSIS was obtained as 53.05% lower in terms of efficiency, but
nearly 3.51 times higher in terms of power. In a word, compared
with the traditional single-objective optimization, the MOPSOCD
algorithm is an effective method for promoting one objective
without decreasing the other objective significantly. Therefore, the
MOPSOCD algorithm can optimize multiple objectives simulta-
neously and shows a superiority in balancing different objectives.
dominated
rnal archive

crowding
values

ominated
ons

lobal best
e

Update velocity and
position

Evaluate new
position

Meet the
termination
condition?

No

End

Yes

rt of MOPSOCD.



Fig. 12. Comparison of efficiency and power under different optimization methods.
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The parameters optimized by the MOPSOCD algorithm has more
practical guidance in Stirling engine design and optimization.

3. Conclusion

In this study, we present an irreversible Stirling engine cycle
model by taking the heat transfer between the working fluid and
external heat reservoirs, irreversible heat transfer during regener-
ative processes, and polytropic processes in expansion and
compression processes into consideration. Polytropic exponents in
expansion and compression processes are obtained by the method
of thermodynamics for the first time. As a result, we obtain a cycle
model that is different from the canonical Stirling cycle but much
closer to the real engine, providing a more practical guidance on
designing Stirling engines. With given parameters, the thermal
efficiency and output power are obtained and compared with the
corresponding ideal Stirling cycle. It is observed that the thermal
efficiency and output power of the real Stirling engine cycle are
obviously lower than those of the ideal Stirling cycle.

To further investigate the performance of the Stirling engine
cycle model, the effect of the mass of working fluid, thermal
conductance in the expansion stroke, thermal conductance in the
expansion stroke, regenerative duration, and volume compression
ratio on output power and thermal efficiency are investigated.
Among these parameters, the mass of the working fluid, regener-
ative time, and volume compression ratio are three variables need
to be made decision-making with respect to output power and
thermal efficiency. Furthermore, thermal efficiency and output
power of the proposed model were simultaneously optimized for
maximization by the algorithm MOPSOCD. TOPSIS is adopted in
decision-making and the result obtained is compared with those
obtained by single-objective optimization method. The findings
indicate that the optimal result obtained by MOPSOCD exhibits a
more desirable performance.
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Nomenclature

A heat transfer area, m2
cv constant volume specific heat capacity, J/(g$K)
C constant in polytropic process
e effectiveness
h convective heat transfer coefficient, W/(m2$K)
m mass of working fluid, g
n number of sub-regenerators
nH polytropic index of heating process
nC polytropic index of cooling process
P output power, W
Q heat, J
Rg molar-weight-specific gas constant of Helium
S entropy, J/K
t time, s
T temperature, K
U internal energy, J
V volume, m3

W cycle work, J

Greek symbols
ah thermal conductance during heating process, W/K
al thermal conductance during cooling process, W/K
ar hrAr, W/K
s efficiency
l volume ratio
S relaxation time cf/ar, s
t duration, s
g temperature ratio T2/T4

Subscripts
C, c compression process
e expansion process
f working fluid
H, h high temperature
l low temperature
r regeneration
i ith sub-regenerator
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