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A B S T R A C T

The Stirling engine has drawn much attention as it can utilize sustainable energy such as solar, waste heat, and
biomass. Although the Stirling cycle has the same theoretical efficiency as the Carnot cycle, the thermal effi-
ciency of an actual Stirling engine is lower than that of the ideal Carnot cycle owing to their reversibility.
Previous finite-time thermodynamic models of Stirling engines are mainly focused on the temperature difference
between the working substance and heat reservoirs. However, there is also a temperature difference between the
working substance and the regenerator, which has merely been reported in previous literatures. In this study, we
analyzed the regenerative processes of the Stirling engine using finite-time thermodynamics. Using an even
distribution temperature assumption, the regenerative effectiveness and its limitations were obtained. For an
uneven distribution temperature assumption, the regenerator was modeled by dividing it into n sub-re-
generators. Two cases, for either constant or varying temperatures of the sub-regenerators, are discussed in
detail, and the same regenerative effectiveness was obtained for the limit n→∞. Furthermore, the thermal
efficiency and output power were obtained, and the effects of the parameters on the performance of the Stirling
engine were investigated.

1. Introduction

Presently, with a reduction in fossil energy and an increase in en-
vironment-related problems, the search for a productive way to utilize
renewable energy is imperative [1–3]. Stirling engines are appealing
engines for this goal because they have low emissions, low noise, and
high efficiency compared with other types of heat engines [4]. More-
over, the Stirling engine shows superiority in renewable energy utili-
zation, micro-cogeneration applications, and low-grade heat recovery
[5–7].

In the early nineteenth century, Robert Stirling devised the Stirling
engine in Scotland [8], and its practical virtue as a simple, dependable,
and secure engine was recognized for a century following its invention
[9]. In analyzing and designing Stirling engines, researchers proposed
several models using classical thermodynamics [10–12]. After Curzon
and Ahlborn [13] studied Carnot engines with finite-rate heat transfers,
finite-time thermodynamics (FTT) was developed and applied to many
engines, including Stirling engines [14,15]. Compared with classical
thermodynamic models, FTT models take the finite-time and finite-rate
heat transfer into consideration. As a result, the engine can produce a
positive power output rather than zero power output, which differs
from that obtained by classical thermodynamics.

Researchers have presented many studies on theoretical models of
Stirling engines using FTT; these models assumed that the regenerator
of the Stirling engine is ideal. Assuming the irreversibility in the ex-
ternal heat transfer process is the only irreversible process, Blank et al.
[16,17] analyzed an endoreversible Stirling engine with FTT. The op-
timum power in a finite duration and the corresponding efficiency were
obtained by applying the heat transfer theory to the rates of the external
heat transfer processes. Based on heat transfer equations, energy bal-
ance equations, and mass balance equations, Ladas et al. [18] modeled
the Stirling engine with FTT and studied the effects of regeneration and
transfer time on the efficiency and output power. Senft [9] developed a
mathematical model of a Stirling engine with internal heat losses be-
tween the two internal extreme temperatures, mechanical friction
losses, and limited heat transfer. They considered the heat loss inside
the Stirling engine and assumed it occurred between the two ultimate
temperatures of the working substance.

Many researches devoted to enhancing heat transfer in external heat
exchangers [19,20]. However, the regenerator is also a crucial part of
the Stirling engine. Without it, the thermal efficiency of a Stirling en-
gine is far from that of a Carnot cycle. However, a practical regenerator
is not without its faults, as the rate of heat transfer between the working
substance and the regenerator is finite. Considering the imperfection of
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the regenerator, researchers developed many thermodynamic models of
Stirling engines. Using a fraction to manifest the deviation from a
perfect regeneration, Chen et al. [21] modeled and investigated the
performance of a combined system composed of a Stirling engine and a
solar collector. Wu et al. [22,23] performed an optimal performance
analysis on a Stirling engine with finite-speed effects in the regenerative
processes and finite heat transfers both in the expansion and com-
pression spaces. They also determined the relationship between the
optimum power and corresponding efficiency of the Stirling engine
model. Using the FTT method, Kaushik et al. [24,25] developed a
Stirling engine model subject to finite heat capacitance rates of working
substances in heat exchangers, heat leak losses between the source and
sink reservoirs, and regenerative losses. Ahmadi et al. [26] investigated
the effect of design parameters such as the temperatures of heat re-
servoirs, efficiency of heat exchangers, and efficiency of the regenerator
on the performance of a Stirling heat engine. Dai et al. [27] constructed
a more realistic Stirling engine model with FTT and optimized it with a
multi-objective optimization method. Based on the isothermal as-
sumption, Kongtragool and Formosa [28–30] studied the effect of re-
generative effectiveness and dead volume on a Stirling engine with an
imperfect regenerator. Liao and Lin [31] analyzed a solar-driven Stir-
ling heat engine system with the Lagrange multiplier method and ir-
reversible thermodynamics. They studied the effect of regenerative ef-
fectiveness and pointed out that by increasing the effectiveness of the
regenerator, the performance of solar-driven Stirling heat engine sys-
tems is improved. Based on an imperfect regenerator, Li et al. [32] and
He et al. [33] applied FTT to optimize a Stirling engine with a single
objective. As an effective and efficient artificial-intelligence-based
technique, the genetic algorithm has been widely used in physical and
engineering optimization [34–45]. Ahmadi et al. [46–53] performed
many studies on the multi-objective optimizations of Stirling-cycle-
based systems with a genetic algorithm. Compared with single-objec-
tive optimization, multi-objective optimization leads to a more ad-
visable design of Stirling engines. Kahraman [43] developed a hybrid
technique to solve the problems in AI-based nonlinear modeling ap-
proaches, which is promising in solving industrial modeling problems
that have nonlinear features.

Although the imperfect regeneration of Stirling engines is con-
sidered in many papers, the description of regenerative processes is
crude and the heat transfer process in the regenerator has never been
systematically investigated. As far as we know, the temperature

difference exists not only in isothermal processes but also in isochoric
processes. In this study, we presented, for the first time in literature, an
analysis of the regenerative processes of the Stirling engine using FTT.
In addition, we determined the overall thermal efficiency and output
power, and investigated the effect of parameters on the performance of
the Stirling engine.

2. Analysis of Stirling engine cycle with FTT

A Stirling cycle consists of two isothermal branches connected by
two isochoric regenerating branches. In classical thermodynamics, ideal
Stirling engines are able to run with a high thermal efficiency equiva-
lent to that of the Carnot cycle. However, because of the existence of
thermal resistance between the working substance and heat reservoirs,
the ideal Stirling engine must run for an infinite time, resulting in the
production of zero work. By contrast, actual Stirling engines must
produce work in a finite time. As depicted in Fig. 1, within a finite time
limit, the temperatures of the heat source, heat sink, and regenerator
are different from that of the working substance.

A regenerator invariably consists of a solid matrix. Generally, along

Nomenclature

A heat transfer area [m2]
c isochoric heat capacity [J/K]
Cv constant volume specific heat capacity [J/(g·K) ]
h convective heat transfer coefficient [W/(m2·K) ]
k ratio of the specific heat of the working substance [–]
m mass of working substance [g]
n number of sub-regenerators [–]
P power [W]
Q heat [J]
S entropy [J/K]
T temperature [K]
V volume [m3]
w (k – 1)lnγ/(1 − ηr)
x (k – 1)lnγ

Greek symbols

αh thermal conductance [W/K]
αr hrAr [W/K]
β temperature ratio of heat sink to that of heat source [–]

γ volume compression ratio [–]
ŋr regenerative effectiveness [–]
ŋ efficiency [–]
Σ relaxation time cf/αr [s]
τ duration [s]
φ αhτh/[cf(1−ηr)] [–]
χ {1−e^[−αhτr(1/nf/cf+1/nr/cr)]}i /(nfcf/nr/cr+1) [–]
ψ αlτl/[cf(1−ηr)] [–]

Subscripts

f working substance
h expansion process
H heat source
l compression process
L heat sink
r regenerator
rh regenerator with a high temperature
rl regenerator with a low temperature
i ith sub-regenerator
1, 1′, 2, 3, 3′,4 state points

Fig. 1. Schematic T-S diagram of Stirling engine cycle.
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with the regenerative process, the temperature of the working sub-
stance varies when contacting with different parts of a regenerator.
With a low proceeding speed of the working substance compared with
the rate of heat conduction in the regenerator, the temperature of the
regenerator follows an even distribution. In other words, the tempera-
ture of a regenerator changes only over time. As a result, the re-
generator is regarded as a single heat reservoir in this situation. On the
contrary, with a high proceeding speed of the working substance
compared with the rate of heat conduction in the regenerator, the
temperature of the regenerator follows an uneven distribution; that is,
the temperature of a regenerator is a function of both time and space. In
this situation, we treat the regenerator as numerous smaller heat re-
servoirs. Thus, the regenerative process is regarded as the heat transfers
between the working substance and the smaller heat reservoirs. For
simplicity, we ignore the heat transfer between the regenerator and the
environment. The former and latter situations are discussed in Sections
2.1 and 2.2, respectively. In addition, a performance analysis of the
entire Stirling engine under the specific condition is discussed in Sec-
tion 2.3.

2.1. Analysis of a regenerator with an evenly distributed temperature

As discussed above, different proceeding speeds of the working
substance during the regenerative processes, or different thermal con-
ductivities of the regenerator, result in different temperature distribu-
tions of the regenerator. In this section, we assume that compared with
the proceeding speed of the working substance, the thermal con-
ductivity of the regenerator is sufficiently large to allow the tempera-
ture of the regenerator to follow an even distribution. As convective
heat transfers during the regenerative processes, both temperatures of
the working substance and the regenerator vary with time. A schematic
of this cycle model is depicted in Fig. 2. By considering the imperfect
regeneration, the outlet states of the working substance in the ab-
sorbing and releasing heat processes inside the regenerator are at 3′
rather than 3 and 1′ rather than 1, respectively. During the regenerative
heating process 2→ 3, the working substance absorbs heat from the
regenerator, resulting in a reduction in the temperature of the re-
generator. According to the second law of thermodynamics, heat cannot
spontaneously flow from a colder location to a hotter location, and the
temperature of the working substance must be lower than that of the
regenerator throughout the regenerative heating process. Accordingly,
at the end of the regenerative heating process,

<′T Trl3 (1)

During process 4→ 1, the working substance releases heat to the
regenerator, resulting in an increase in the temperature of the re-
generator. According to the second law of thermodynamics, the tem-
perature of the working substance is higher than that of the regenerator
throughout the regenerative cooling process. Accordingly, at the end of
the regenerative cooling process,

>′T Trh1 (2)

The temperature of the regenerator rises from Trl to Trh by absorbing
heat from the working substance, and decreases from Trh to Trl by re-
leasing heat to the working substance. Therefore, Trh > Trl, and by
combining Eqs. (1) and (2),

>′ ′T T1 3 (3)

Denoting the regenerative loss by △Q and the regenerative effec-
tiveness by ŋr, we can express the regenerative effectiveness as [54].
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According to Newton’s law of cooling, the rate of heat transfer

during the regenerative heating process is proportional to the tem-
perature difference between the regenerator and working substance.
For convenience, we denote the product of the convective heat transfer
coefficient hr and contact area Ar as αr. If the temperatures of the
working substance and regenerator are Tf and Tr, respectively, then

= −δQ α T T dt( )r r f (5)

The amount of heat released from the regenerator to the working
substance equals that of the reduction in internal energy,

− =δQ c dTr r (6)

where cr is the isochoric heat capacity of the regenerator.
Because regenerative processes are isochoric, the heat from the re-

generator is absorbed by the working substance and is equivalent to the
change in internal energy,

=δQ c dTf f (7)

where cf=mCv,f refers to the isochoric heat capacity of the working
substance, and m and Cv,f refer to the mass and constant volume specific
heat capacity of the working substance, respectively.Taking the first-
order differential of Eq. (5) and using Eqs. (6) and (7) gives
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Note that at the beginning of the regenerative heating process, there
is no heat transfer, and

= −δQ
dτ

α T T( )r rh l (9)

Therefore, Eq. (8) can be integrated and written as
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Note that Q=0 when τ=0, and from the integration of Eq. (10),
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Defining the regenerative heating durations by τ2→ 3′, the corre-
sponding transfer heat Q2→ 3′ is

⎜ ⎟= ⎛
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Similarly, we denote the regenerative cooling duration as τr2, and

Fig. 2. Stirling cycle with regenerator with an evenly distributed temperature.
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the corresponding transfer heat Q4→ 1′ is
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The regenerator cools down from Trh to Trl throughout the re-
generative heating process and heats up from Trl to Trh throughout the
regenerative cooling process. As the regenerative processes are iso-
choric, the amount of internal energy changed in the regenerator equals
that of the working substance, which can be expressed as

= = −→ ′ → ′Q Q c T T( )r rh rl2 3 4 1 (14)

Therefore, the regenerative effectiveness can be expressed as
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and the regenerative durations are
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Eqs. (16) and (17) show that the regeneration durations are related to
the convective heat transfer coefficient, contact area, isochoric heat
capacities, and both the upper and lower temperatures of the working
substance and the regenerator.

2.2. Analysis of a regenerator with an unevenly distributed temperature

As described above, the effectiveness of an evenly distributed tem-
perature regenerator is no greater than 0.5. In reality, the frequency of a
Stirling engine is very high, and the corresponding duration is very
short. As a result, a regenerator invariably follows an unevenly dis-
tributed temperature, and the corresponding effectiveness is greater
than 0.5. In this section, the regenerator is assumed to be composed of
numerous smaller heat reservoirs with different temperatures. During
the regenerative processes, the working substance contacts these heat
reservoirs sequentially. A schematic diagram of this cycle model is
depicted in Fig. 3. Compared with the heat capacity of the working
substance, a large heat capacity of the regenerator results in a small
temperature change during the regenerative process. If the heat capa-
city ratio cf /cr→ 0, the temperature of each sub-regenerator is con-
stant. Otherwise, the temperatures of the sub-regenerators are not
constant. We present a discussion below regarding the regenerative
heating process for these two cases.

2.2.1. Sub-regenerators with constant temperatures
In this section, the heat capacity of each sub-regenerator is assumed

to be sufficiently large compared with that of the working substance, so
that they have a constant temperature during the regenerative pro-
cesses. A schematic diagram of the heat transfer between the working
substance and the sub-regenerators is shown in Fig. 4.

We assume that n sub-regenerators exist with temperatures that
vary from Tl + △T to Th − △T, and the temperature difference be-
tween two adjacent sub-regenerators is △T. Consequently, the tem-
perature △T is given by

= −
+

T T T
n

Δ
1

h l
(18)

Therefore, the temperature of the ith sub-regenerator can be ex-
pressed as

= + −
+

= …T T T T
n

i i n
1

, 1,2, ,r i l
h l

, (19)

Defining the entire duration of the regenerative heating process as
τr, the duration of the heat transfer between the working substance and
each sub-regenerator can be expressed as

=τ τ
n

Δ r
(20)

The temperatures of the working substance, leaving out of the
compression chamber, and the ith sub-regenerator are Tl and Tr,i, re-
spectively. Applying Newton’s law of cooling to the heat transfer be-
tween the working substance and the ith sub-regenerator, we have

= − = …δQ h A T T dτ i n( ) , 1,2, ,i r r r i f i, , (21)

where hr and Ar are the convective heat transfer coefficient and the
contact area, respectively. For convenience, we denote the production
of hr and Ar as αr. As the regenerative processes are isochoric, the en-
ergy absorbed from the sub-regenerators is used to promote the internal
energy of the working substance, i.e.,

= = …δQ c dT i n, 1,2, ,i f f i, (22)

By substituting Eq. (22) into Eq. (21), we have
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where Σ = cf /αr. Comparing the initial and final states of the working
substance in the ith regenerative process,

−
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By substituting Eq. (19) into Eq. (24), Tf,i can be calculated by
iteration as follows:
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Consequently, after contacting with n sub-regenerators, the working
substance reaches the temperature Tf,n:
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Therefore, the regenerative effectiveness can be obtained as follows:

Fig. 3. Schematic T-S diagram of Stirling engine cycle with a regenerator having an
unevenly distributed temperature.
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When n=1, there is one regenerator, and the regenerative effective-
ness can be expressed as

= − −
η e1

2r

τr
Σ

(28)

In the limit τr/Σ→ 0, the regenerative durations are very short
compared with the thermal response time. Therefore, there is almost no
heat transfer during the regenerative processes. In the limit τr/Σ→∞,
the regenerative durations are sufficiently large compared with the
thermal response time. Therefore, the working substance can swap heat
sufficiently with the sub-regenerators. In this case, with a short contact
time limit τr/Σ→ 0, the regenerative effectiveness is 0. With a long
contact time limit τr/Σ→∞, the regenerative effectiveness is 0.5, re-
sulting in the same value as Eq. (4).

When n→∞, there are infinite sub-regenerators, and the re-
generative effectiveness can be expressed as

= − − −( )η
τ

e1 Σ 1r
r

τ
Σ
r

(29)

In this case, with a short contact time limit τr/Σ→ 0, the re-
generative effectiveness is 0. With a long contact time limit τr/Σ→∞,
the regenerative effectiveness is 1.

In a similar way, we can obtain the same effectiveness for the re-
generative cooling process in the same duration τr.

2.2.2. Sub-regenerators with varying temperatures
In this section, we present the results for cases where all tempera-

tures of the working substance and the sub-regenerators are varied
during the regenerative processes. The heat transfer between the
working substance and the sub-regenerators can be depicted in the
same way as in Fig. 4, but the temperature of each sub-regenerator
varies during the regenerative process. We assume there are n sub-re-
generators with △T and △τ defined as in Eqs. (18) and (20). Denoting
the initial and final temperatures of the ith sub-regenerator as Trh,i and
Trl,i, respectively, we can express Trh,i as

= + −
+

= …T T T T
n

i i n
1

, 1,2, ,rh i l
h l

, (30)

The heat transfer between the working substance and the ith sub-
regenerator follows Newton’s law of cooling,

= − = …δQ α T T dτ i n( ) , 1,2, ,i r r i f i, , (31)

As no work is generated in the regenerative processes, we can obtain
the energy conservation equations of the working substance and ith
sub-regenerator:

= = …δQ c dT i n, 1,2, ,i f f i, (32)

= − = …δQ c dT i n, 1,2, ,i r r i, (33)

Combining the equations above and noticing that when τ=0,
Qi=0, and

= − = …−δQ α T T dτ i n( ) , 1,2, ,i r rh i f i, , 1 (34)

we can obtain the relationship between Tf,i−1 and Tf,i:
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By iteration, Tf,i can be expressed as
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After the entire regenerative heating process, the temperature of the
working substance can be expressed as

⎜ ⎟⎜ ⎟= −
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Accordingly, the regenerative effectiveness can be expressed as

⎜ ⎟=
−

−
=

+
+ ⎛

⎝
− ⎞

⎠

− −
+

η
T T
T T

n
n χ

χ
n1

1 1 (1 ) 1
1r

f n l

h l

n,

(39)

When n=1, there is one regenerator, and the regenerative effective-
ness can be expressed as
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− ⎛
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In this case, with a short contact time limit τr→ 0, the regenerative
effectiveness is 0. With a long contact time limit τr→∞, the re-
generative effectiveness is (1+ cr/cf)/2, which is lower than the limit
obtained in Eq. (4).When n→∞, there are infinite sub-regenerators,
and the regenerative effectiveness can be expressed as

= − − −( )η
τ

e1 Σ 1r
r

τ
Σ
r

(41)

This equation is the same as Eq. (29). That is to say, in the limit n→
∞, for either constant or varying temperatures of the sub-regenerators,
the Stirling engine works with the same regenerative effectiveness. Si-
milarly, with a short contact time limit τr/Σ→ 0, the regenerative ef-
fectiveness is 0. With a long contact time limit τr/Σ→∞, the re-
generative effectiveness is 1.

2.3. Performance analysis of the Stirling engine

The regenerator is a crucial part of the Stirling engine. Based on the
analysis of the regenerator above, we can obtain the performance of the
Stirling engine. Here, we assume that the Stirling engine works between
a heat source with a constant temperature TH and a heat sink with a
constant temperature TL. According to the heat transfer theory, the rate
of heat transfer out of, or into, the working substance is proportional to
the temperature difference between the working substance and the
external heat reservoir. Therefore, the heat transfer during the expan-
sion and compression processes can be expressed as

= −Q α T T τ( )H h H h h (42)

and

= −Q α T T τ( )L l l L l (43)

Fig. 4. Schematic of heat transfer between working substance and a single sub-re-
generator.
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Respectively, where αh and αl denote the thermal conductance be-
tween the working substance and the heat reservoirs at temperatures TH
and TL, and τ1 and τ2 are the time durations of the two isothermal
branches at temperatures Th and Tl, respectively.

Process 3→ 4 is an isothermal expansion process. Therefore, the
amount of heat released from the heat reservoir to the working sub-
stance equals that of the work produced by the working substance, i.e.,

= −→Q c k T γ( 1) lnf h3 4 (44)

where k is the ratio of the specific heat of the working substance, and γ
is the volume compression ratio. For the Stirling engine, γ is defined as

= =V
V

V
V

γ1

2

4

3 (45)

Similarly, in process 1→ 2, we can obtain the heat exchanged
during the compression process, which can be expressed as follows:

= −→Q c k T γ( 1) lnf l1 2 (46)

Because of the imperfect regeneration, the heat working substance
absorbed from the heat source or released to the heat sink is more than
that for a Stirling cycle with perfect regeneration. The actual amounts
of heat absorbed from the heat source and released to the heat sink for a
Stirling engine with imperfect regeneration are

= + − −→Q Q η c T T(1 ) ( )H r f h l3 4 (47)

and

= + − −→Q Q η c T T(1 ) ( )L r f h l1 2 (48)

Combining Eqs. (42)–(44) and (46)–(48) provides the expressions of
the temperatures of the working substance in the expansion and com-
pression processes:

=
+ + −

+ − + + −
T

ψT ψ w φT
ψ w w φ

( 1 )
( 1 )( 1 ) 1h

L H

(49)

=
+ + +

+ − + + −
T

w φ ψT φT
ψ w w φ
( 1 )

( 1 )( 1 ) 1l
L H

(50)

where x=(k− 1)lnγ, w= x/(1 − ηr), φ= αhτh/[cf(1 − ηr)], and
ψ= αlτl/[cf(1 − ηr)].

The cyclic period, consisting of the expansion, compression, and two
regeneration times, is given by

= + +τ τ τ τ2h l r (51)

For simplicity, we denote the temperature ratio of the heat sink to
that of the heat source TL/TH by β. The net power output and thermal
efficiency of the Stirling engine can be expressed as

= − =
− − +

+ + + − + + −
P Q Q

τ
c xT ψ w φ β w φ ψ

τ τ τ ψ w w φ
(( ) ( ) )

( 2 )(( 1 )( 1 ) 1)
H L f H

h l r (52)

= − =
− − +

− + −
η Q Q

Q
ψ w wφ β w φ wψ

ψ w wφ φψ βφψ
( ) ( )

( )
H L

H (53)

3. Results and discussion

In practice, the heat capacity of a regenerator is much larger than
that of the working substance. Therefore, we can assume that the
temperatures of the sub- regenerators are constant. We will now discuss
the performance of the entire Stirling engine with the sub-regenerators
with constant temperatures.

The thermal efficiency and output power are two essential criteria
of heat engines. To analyze the performance of the Stirling engine
model, the effects of the mass of working substance cf, temperature
ratio of the heat sink to that of heat source β, and regenerative duration
τr, on the thermal efficiency and output power are studied in the nu-
merical calculations below. The computation procedure was developed
on MATLAB software. Helium was chosen as the working substance.

In order to have consistency with previous works [17], the specifi-
cations of the Stirling engine model are considered as follows:
m=9.3×10−3 kg, TH=1000 K, TL=300 K, γ=2,
αh= αl=2 kWK−1, CV=0.718 kJ kg−1 K−1, and R=0.287 kJ kg−1

K−1.
The relationship between the regenerative effectiveness ηr and re-

generative duration τr for varying numbers n of sub-regenerators is
shown in Fig. 5. In Fig. 5, by increasing the regenerative duration, the
regenerative effectiveness increases for different numbers of sub-re-
generators. The regenerative effectiveness increases as the regenerative
duration increases from 0 s to 0.006 s, but only gradually increases for

Fig. 5. Regenerative effectiveness vs. regenerative
duration.
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regenerative durations longer than 0.002 s. Therefore, the longer the
working substance remains in contact with the sub-regenerators, the
higher the rate of heat transfer between them. For the sub-regenerative
durations, sufficient heat transfers were produced, but over longer
durations, there was little effect on promoting the regenerative effec-
tiveness. Moreover, the higher the number of sub-regenerators, the
higher the regenerative effectiveness of the Stirling engine. Therefore,
in practice, the use of more sub-regenerators and longer regenerative
durations will improve the regenerative effectiveness.

To observe the effect of the regenerative duration τr on the perfor-
mance of the Stirling engine, we calculate the thermal efficiency and
output power for different regenerative durations. These are shown in
Fig. 6. In Fig. 6, an increase in the regenerative duration leads to an
increase in the thermal efficiency. The output power increases gradu-
ally (from 36.1 kW) and reaches a peak (46.2 kW, 51.3 kW, 54.3 kW, or
63.2 kW when n=1, 2, 3, ∞, respectively), and thereafter a gradual
decrease is observed as the duration increases. Therefore, a long

regenerative duration is favorable for thermal efficiency, but an ap-
propriate value of the regenerative duration is needed to maximize the
output power of the Stirling engine. The cause, as mentioned earlier, is
that a longer regenerative duration contributes to more regenerative
heat transfer according to Newton’s law of cooling. Nevertheless, the
increase in the regenerative duration may lead to a decrease in the
power output. Therefore, there needs to be a balance in a practical
Stirling Engine.

The effects of the heat conductance between the working substance
and sub-regenerators (αr) on the thermal efficiency and output power of
the Stirling engine are depicted in Fig. 7. In Fig. 7, by increasing the
heat conductance αr from 0 kW to 30 kW, both the thermal efficiency
and output power increase nonlinearly (η=15.1%, 19.8%, 23.5%,
45.9%; P=27.3 kW, 32.0 kW, 35.1 kW, and 46.7 kW when n=1, 2, 3,
∞, respectively). Both the thermal efficiency and output power follow
the same trend: first, increasing rapidly for increasing αr, before
asymptoting to a constant value as αr further increases.

Fig. 6. Power and efficiency vs. regenerative duration.

Fig. 7. Power and efficiency vs. heat conductance αr.
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The effects of the mass of working substance m on the thermal ef-
ficiency and output power of the Stirling engine are shown in Fig. 8. In
Fig. 8, by increasing the mass of the working substance m from 0.1 g to
21.6 g, the thermal efficiency of the Stirling engine model ŋ decreases to
0, whereas the power output P increases from 0 kW to reach a peak at m
with ∼8 g, and then decreases back to 0 kW. Therefore, a working
substance with a small mass leads to a high thermal efficiency, while
with an appropriate value of mass (∼8 g in this paper), the power
output reaches a maximum. For a good performance, the mass of the
working substance should be in the range of 0–8 g.

The effect of the temperature ratio of the heat sink to that of the
heat source β on the thermal efficiency ŋ and output power P are shown
in Fig. 9. In Fig. 9, an increase in β (from 0.3 to 0.4) leads to linear and
nonlinear decreases in ŋ and P, respectively. Therefore, with the given
parameters, a relatively low temperature ratio of the heat sink to that of
the heat source is required to improve the thermal efficiency and the
output power. In fact, from Eq. (52), it is easy to find that the power

output is a linear function of the temperature ratio β.
From Figs. 6–9, for a fixed regenerative duration, both the thermal

efficiency and output power increase with an increasing number of sub-
regenerators. Fig. 10 shows the effect of the number of sub-regenerators
on the performance of the Stirling engine. As the number of sub-re-
generators increases from 1 to 60, both the efficiency and power in-
crease substantially at first, then approach constant values (30.2% and
63.7 kW). Therefore, in practice, a Stirling engine with more sub-re-
generators produces a better performance, but beyond a certain number
of sub-regenerators, there is no significant contribution.

4. Conclusion

In this paper, we presented for the first time in literature an analysis
of the regenerative processes of the Stirling engine using finite-time
thermodynamics. Based on an even-distribution temperature assump-
tion, we derived equations for the regenerative effectiveness and

Fig. 8. Power and efficiency vs. mass of working sub-
stance.

Fig. 9. Power and efficiency vs. temperature ratio of
heat sink to that of heat source.
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regenerative duration. We found that the regenerative effectiveness
cannot be greater than 0.5. In practice, the duration time of the Stirling
engine cycle is very short, so that the temperature of the regenerator
follows an uneven distribution.

Based on an uneven distribution temperature assumption, a re-
generator was modeled by dividing it into n sub-regenerators. Two
cases with either constant or varying temperatures for the sub-re-
generators were discussed in detail, and the same regenerative effec-
tiveness was obtained in the limit n→∞. For a regenerative effec-
tiveness in the limit n→∞, we obtained the entire thermal efficiency
and output power of the Stirling engine with constant temperatures for
the sub-regenerators.

Furthermore, the effects of the parameters on the performance of
the Stirling engines were investigated. The results showed that for a
certain regenerative duration, a large heat conduction, mass of the
working substance, and low temperature ratio of the heat sink to that of
the heat source are required to promote the performance of the Stirling
engine. We also concluded that a Stirling engine with a higher number
of sub-regenerators provided a better performance, but that above a
certain number of sub-regenerators, the contribution is not significant.
The proposed Stirling engine model and the results of the analysis can
be used to provide additional insight into the design of Stirling engines.
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