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This work is aimed at determining the best configurations of porous media inserted in a tube to achieve
the excellent performance of fluid flow and heat transfer. Both geometry parameters and property
parameters are the variables to be optimized. In order to evaluate the performance of tube, two conflict-
ing objectives, Nusselt number Nu and friction factor f, are simultaneously considered. In the optimiza-
tion process, computational fluid dynamics (CFD) and multi-objective genetic algorithm are coupled to
obtain the numerical solutions of two-dimensional calculation model and Pareto front composed of
non-inferior solutions. Besides, an attempt of utilizing limited resources is made by applying the penalty
function instead of adding or modifying governing equations to restrain the flow resistance.
Subsequently, technique for order preference by similarity to an ideal solution (TOPSIS) is employed to
help decision makers determine the best alternative from the Pareto front. The results selected by
TOPSIS are compared with the alternative which has the maximum Nusselt number. It is found that
TOPSIS is effective to balance deferent objectives and determine compromise parameters.

� 2016 Elsevier Ltd. All rights reserved.
1. Introduction

With the development of modern industry, the performance of
heat exchangers becomes more and more important. In recent dec-
ades, considerable studies of heat transfer enhancement technolo-
gies and theories by disturbing fluid or increasing heat transfer
area [1–3] in tubes have been made to meet the requirements of
the energy saving. Recently, performances of tube with porous
inserts have received some attention with experimental, analytical
and numerical studies [4–7]. Mohamad [4] investigated heat trans-
fer enhancement for a flow in a pipe or a channel fully or partially
filled with porous media and found that partially filling has a bet-
ter performance on both heat transfer and pressure drop. Huang
et al. [5] studied the heat transfer enhancement for the flow in a
pipe filled with annular porous ring and found that high porosity
was recommended when using performance evaluation criteria
(PEC) [6] as decision criteria. Zheng et al. [7] applied genetic algo-
rithm (GA) to optimize the configurations of porous media which
was divided into several layers and partially inserted in a tube. It
was found that multiple layers of porous inserts can further
increase the PEC.
When optimizing a heat transfer unit or a system, the flow
resistance often has an increase with the enhancement of heat
transfer. Therefore, evaluation criteria play a significant role in
assessing the performance or determining the economic benefit
of heat exchangers for many practical applications, such as PEC,
JF factor [8], efficiency evaluation criterion (EEC) [9]. In existing
studies, most of the evaluation criteria are composed of several
parameters affecting the heat transfer and pressure-drop in a cer-
tain form. However, it is sometimes difficult to establish a general
selection criterion to be applied in the industry. Recently, more and
more optimizations attempt to apply multi-objective optimization
techniques to obtain the non-inferior solutions, and choose the
most feasible solution to meet the requirements for practical appli-
cations. This approach has been proven effective, and extensively
applied in optimization design of different fields, such as thermo-
dynamic cycle [10], power system [11].

In spite of the widespread application of multi-objective opti-
mization techniques, there is limited published literature about
optimizing the performance of tube with porous ring inserted.
The purpose of this paper is to determine the optimal parameters
of the porous media by means of a multi-objective genetic algo-
rithm (MOGA) [12]. The geometrical shape and property configura-
tion of porous ring jointly decide the performance of tube.
Meanwhile, two conflicting objectives, Nusselt number Nu and fric-
tion factor f, are considered to be optimized at the same time. In
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Nomenclature

C relative closeness to the ideal solution
c specific heat
Da Darcy number, K=r20
F inertia coefficient
H convective heat transfer coefficient
f friction factor
J objective function
K permeability
L1 dimensionless entrance length
L2 dimensionless exit section length
Nu local Nusselt number, 2hr0/kf
P dimensionless pressure
p pressure
Pr Prandtl number of the fluid, clf/kf
q heat flux
R dimensionless radius
R1 dimensionless distance between the internal wall of

porous ring and the centerline
R2 dimensionless distance between the exterior wall of

porous ring and the centerline
r radial position measured from the centerline
r0 radius of the tube
Re Reynolds number, 2qur0/lf

T temperature

U dimensionless axial velocity
u axial velocity
V dimensionless radial velocity
v radial velocity
X dimensionless axial coordinate
x axial position measured from the inlet

Greek symbols
e porosity
h dimensionless temperature
k thermal conductivity
l dynamic viscosity
q fluid density

Superscript
e effective
f fluid domain properties
p porous domain properties
R the ratio of a parameter in porous domain to the same

parameter in fluid domain
m mean
s solid matrix propertied
w wall
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present study, an effective design method [13] coupling GA and
computational fluid dynamics (CFD) analyzes is applied to solve
the multi-objective problems mentioned above. Subsequently, all
the non-inferior solutions (Pareto solutions) obtained by MOGA
are ranked by a famous decision making technique, TOPSIS (tech-
nique for order preference by similarity to an ideal solution) [14].
Besides, an attempt is made to restrain the flow resistance by
employing the penalty function instead of adding or modifying
governing equations.

2. Problem description and constraint conditions

2.1. Physical model

The schematic of the tubes inserted with porous ring in current
study is shown in Fig. 1. A two-dimensional, centrosymmetric
numerical model for convection heat transfer of steady laminar
flow in a tube with constant heat flux is considered. In order to give
function boundary conditions at the inlet and eliminate the influ-
ence of backflow at the outlet, an entrance section and an exit sec-
tion are applied, respectively. The total length L is fixed at 24, with
the entrance length L1 = 1 and exit section length L2 = 3. At the end
of entrance section, a porous ring is placed in porous section with
its length Lp = 20. As shown the Fig. 1, the position of porous ring
can be determined by two parameters, R1 and R2. To simplify the
analysis, other assumptions are listed as follows: (1) the porous
media is regarded as homogeneous and isotropic; (2) the heat gen-
erated by the viscous effects is negligible; (3) the gravitational
effect of the air flowing through the tube is negligible; (4) the
gas phase and the solid phase in porous media exist in a state of
local thermal equilibrium.

2.2. Mathematical model

The governing equations including the continuity, momentum,
and energy can be expressed as follows [15]:

Continuity equation:
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where e is the porosity and K is the permeability. In this study, the
parameter d is set to unity for flow in porous medium and to zero
for flow in a clear region. The inertia coefficient F is related to poros-
ity as described by Ergun [16]:

F ¼ 1:75ffiffiffiffiffiffiffiffiffiffiffiffiffi
150e3

p ð4Þ

Energy equation:
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where ke is the effective thermal conductivity of the porous media,
ke ¼ ekf þ ð1� eÞks [17].

The boundary conditions are used as follows:

(1) at r = 0: @u
@r ¼ 0, v ¼ 0, @T

@r ¼ 0;
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(4) at x = 24r0: @u
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@x ¼ 0, p ¼ 0 .



Fig. 1. Schematic diagram of the problem under consideration.
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The above Eqs. (1)–(3) and (5) can be transformed into dimen-
sionless forms by using dimensionless parameters:

Da ¼ K
r20

; U ¼ u
uin

; V ¼ v
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; P ¼ p
qu2
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; h ¼ T � Tin
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The dimensionless set of equations is as follows:
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In this study, the Reynolds number is fixed at 100 and the
Prandtl number of flow is fixed at 0.7. The above governing equa-
tions along with the boundary conditions are solved by adopting
the finite-element method. In each case of the simulation, the flow
and thermal field are computed with approximately 12,000 ele-
ments and 100,000 degrees of freedom. Furthermore, the direct
problem is solved by commercial software COMSOL Multiphysics
in this paper and it takes about 15–20 s to obtain one fitness value
for a single individual when a personal computer with an Intel
Xeon E3-1230 v2 CPU is used for computing.

3. Optimization method

3.1. Optimization functions

In this paper, two objective functions are defined as follows:

J1 ¼ f ; J2 ¼ �Nuaverage ð10Þ
as mentioned above, Nusselt number Nu is calculated to appraise
the performance of heat transfer, while friction factor f is calculated
to appraise the performance of flow resistance, respectively. The
friction factor can be calculated from:

f ¼ Dp
l

2r0
ð1=2Þqu2 ð11Þ

on the other hand, the local Nusselt number can be calculated from:

NuðxÞ ¼ 2hðxÞr0
kf

ð12Þ

one can obtain the value for local convective heat transfer coeffi-
cient h(x) from:

hðxÞ ¼ q
TwðxÞ � TmðxÞ ð13Þ

where Tw(x) is the local temperature measured on the heated wall.
The local mean thermodynamic temperature Tm(x) can be calcu-
lated from:
TmðxÞ ¼
R r0
0 uTrdrR r0
0 urdr

ð14Þ

Therefore, as the objective function J1 and J2 are approaching
minimum values in iterative process, an optimal tube with low
flow resistance and high heat transfer coefficient can be achieved.
3.2. Design parameters

The goal is to find the optimal parameter configurations of the
porous ring that maximizes heat transfer and minimizes flow resis-
tance in the tube simultaneously. Therefore, all factors that affect
the flow field structure and heat exchange capability should be
taken into consider. In present study, R1, R2, e and Da are defined
as four variables which will be optimized by GA.
3.3. Multi-objective genetic algorithm

For many complex engineering problems, objectives under con-
sideration often conflict with each other. When optimizing heat
transfer units or systems, there is a common phenomenon that
several objective functions are combined into a single composite
objective function for evaluating the overall performance, such as
utility theory, weighted sum method. The multi-objective evolu-
tionary algorithms (MOEAs), however, are generalized approaches
to determine an entire Pareto optimal solution set. In the present
study, an efficient MOEA, the non-dominated sorting genetic algo-
rithm (NSGA-II) [12], is employed to optimize two objective func-
tions defined above. Following the concept of this algorithm, all
individuals are ranked according to their fitness score based on
the objective function values. Subsequently, in the process of pro-
ducing the next generation, the individuals with high fitness score
are more likely to be selected and preserved. Therefore, as the iter-
ative process continues, the Pareto optimal solutions will be
evolved gradually by the algorithm.
3.4. Optimization procedure

In this paper, the direct heat transfer problem described in Sec-
tion 3.1 is solved by finite element software Comsol Multiphysics,
and the validity of results will be discussed in further section. After
calculating two objective functions J1 and J2 by Comsol, another
commercial software Matlab [18] is used to process the data and
apply multi-objective genetic algorithm. The related files with
algorithm code are included in the genetic algorithm and direct
searching toolbox (GADST). It is worth noting that coupling Comsol
and Matlab is convenient for users because the communication
and call methods between these two softwares do not require
complex manual configurations. Meanwhile, this coupling method
has been proved effective for optimizing heat transfer unit in our
previous work [13]. By this method, a group of Pareto solutions
are obtained according to the initial parameters. It takes about
50 h to finish one optimization process and the whole procedure
is shown in Fig. 2.



Fig. 2. Flow chart of the optimization process by GA.
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3.5. TOPSIS selection

After deriving the Pareto front, the next step is to determine the
best compromise solution for application. In general, selection
work in multi-objective optimization is more complex since each
Pareto solution represents a compromise solution under different
objective functions and we cannot directly choose the best one.
However, following the basic concept that the chosen alternative
should have the shortest distance from the positive ideal solution
and the longest distance from the negative ideal solution, TOPSIS
is a practical and classical approach for ranking and selecting alter-
natives. The selection procedure of TOPSIS is as follows:

(1) Create a matrix (xij)m�n with m alternatives and n objectives.
(2) Normalize the matrix (xij)m�n to (tij)m�n by using the equa-

tion below:
tij ¼ xijffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPm
i¼1x

2
ij

q ; i ¼ 1;2; :::;m; j ¼ 1;2; :::;n ð15Þ
(3) Obtain the weighted normalized matrix (aij)m�n by:

aij ¼ wj � tij; i ¼ 1;2; :::;m; j ¼ 1;2; :::;n ð16Þ
(4) Determine the positive ideal alternative A+ and the negative
ideal alternative A�:

Aþ ¼ ðmin½a11; :::am1�;min½a12; :::am2�; :::;min½a1n; :::amn�Þ ð17Þ

�
A ¼ðmax½a11; :::am1�;max½a12; :::am2�; :::;max½a1n; :::amn�Þ ð18Þ
Fig. 3. Comparision of present fully developed velocity profile, U, with previous
work obtained by Pavel and Mohamad [4], for Da = 10�3, R1 = 0 and R2 = 0.8.
(5) Calculate the distance between the target alternative A and
the positive ideal alternative A+, and the distance between
the target alternative A and the negative ideal alternative A�:
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiv

dþ
i ¼
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(6) Calculate the relative closeness to the ideal solution of
alternatives:

�

Ci ¼ di

dþ
i þ d�

i

; i ¼ 1;2; :::;m ð21Þ
(7) Rank the alternatives according to the values of Ci, and the
final compromise solution Afinal is
Afinal ¼ A 2 maxðCiÞ ð22Þ
4. Results and discussion

4.1. Validation

In order to check the validity of present direct problem solver,
Figs. 3 and 4 are plotted. Fig. 3 shows comparison between the
present fully developed axial velocity profile and the previous
one presented by Pavel and Mohamad [4]. Both Darcy–Brink-
man–Forchheimer (DBF) model [19] and Darcy–Brinkman (DB)
model [20] are compared with the previous work (DB model). It
is found that velocity profile is basically identical to the previous
one when DB model is applied in present work. Compared with
DB model, the inertia coefficient F is unequal to zero in DBF model.
As a result, the increased porous resistance forces more fluid to
escape to the clear region. On the other hand, variation of the aver-
age Nusselt number with the different thickness of the porous sub-
strate is plotted in Fig. 4. The result also shows that the maximum
difference of Nusselt number between the present work and the
previous one is 4.47%. Besides, the grid independence is checked
when porous ring (for Da = 10�3, e = 0.9, R1 = 0.2 and R2 = 0.8) is
inserted. Meshes in different sizes of 48,216, 96,580, and 253,800
are tested and the values of Nu are 14.943, 14.903, and 14.904
respectively. Therefore, the cases with the second mesh in this
work are accurate enough to be applied in the next optimization
procedure.



Fig. 4. Comparision of present fully developed Nusselt number, Nu, with previous
work obtained by Pavel and Mohamad [4], for Da = 10�3 and R1 = 0.

Fig. 5. Pareto solutions and fitted curve for the tube with porous insert.
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4.2. Optimal results

The present results have been computed by using the following
design parameters:

kR ¼ 100; lR ¼ 1; qR ¼ 1; cR ¼ 1 ð23Þ
Besides, the geometrical variables and property variables for the

optimization of the present configurations are allowed to vary with
the following ranges:

0:05 < R1 < R2 < 0:95
0:8 < e < 0:98
10�8 < Da < 10�2

ð24Þ

To ensure successful mesh generation, gap width between the
porous media and wall (or centerline) is at least 0.05. The configu-
rations of property variables refer to some familiar porous media.
The multi-objective optimization problem with constrains men-
tioned above is solved by coupling Matlab and Comsol Multi-
physics. The detailed configurations of genetic algorithm are
listed in Table. 1.

The Pareto front containing 60 non-inferior solutions is illus-
trated in Fig. 5. For the same velocity inlet boundary condition,
porous media with different parameters have significant impact
on the performance of tube. It is found that the Nusselt number
Nu varies from 5.28 to 95.36 and the friction factor f varies from
1.14 to 1705.2, which are enormously different from the clear tube
(Nu = 4.36, f = 0.64). In order to investigate the functional relation-
ship between J1 and J2, a power function is adopted to fit the curve.
The fitted curve can be described by:

yðxÞ ¼ �5:902x0:3752 þ 1:177 ð25Þ
Fitting results shows that both the R-square (coefficient of

determination) and the adjusted R-square (degree-of-freedom
adjusted coefficient of determination) are 0.9995, which means
Table 1
Operating parameters of the genetic algorithm.

Population of individuals 100
Generations 100
Elite count 2
Crossover fraction 0.8
Pareto fraction 0.6
the power function used above is accurate enough to describe
the functional relationship between J1 and J2. The structure of
equation shows that the further increase for Nu will be much more
difficult than early stages because the growth rate of flow resis-
tance is much higher. However, such a high flow resistance system
is sometimes too difficult for the pumps to drive the fluid flow.
Therefore, it is meaningful to investigate the detailed optimal solu-
tions when f is not too high for the system.

In general, it is difficult to impose constraints by adding or mod-
ifying governing equations of flow field. In present study, however,
utilizing the penalty function which is based on the concept of
genetic algorithm makes this process much simpler. A penalty
method replaces a constrained optimization problem by a series
of unconstrained problems. By this method, infeasible solutions
are allowed into the population but the fitness values are modified
according to the penalty function. After sufficient time, the optimal
solutions to the unconstrained problem using the modified fitness
values coincide with the optimal solutions to the original con-
strained problem [21]. To be specific, we assigned J2 = 0 to the indi-
viduals with f > 50 in the process of calculating individual fitness,
so that those individuals would be eliminated gradually as a result
of competition mechanism. Fig. 6 shows the Pareto front under the
constraint of f < 50. The fitted curve can be described by:
Fig. 6. Pareto solutions and fitted curve for f < 50.



Fig. 7. Relative closeness to the ideal solution.

Fig. 8. Relative closeness to the ideal solution for f < 50.

Table 2
Optimized results under different conditions.

R1 R2 e Da f Nuaverage

Case 1: No
penalty
function

0.0538 0.894 0.824 3.41 � 10�8 303.30 49.25

Case 2: With
penalty
function

0.0947 0.608 0.912 1.77 � 10�5 9.67 12.74

Fig. 9. Local Nusselt number distribution along the tube.

Fig. 10. Performances of optimal tubes under different situations.
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yðxÞ ¼ �5:925x0:3706 þ 0:9729 ð26Þ
Comparing two individuals with the highest heat transfer coef-

ficient in Figs. 5 and 6, it is found that Nu changes from 95.36 to
24.30 and f changes from 1729.65 to 49.99, respectively. It is
noticed that all the values of J1 are in the interval 0–50, which
means the method of adding penalty function is valid for imposing
constraints in present work.

The TOPSIS technique is subsequently employed to determine
which solution has the best overall performance. In present study,
the weighting matrix (w)j is [0.5 0.5]. The relative closeness to the
ideal solution of alternatives is shown in Figs. 7 and 8. Results
show that C varies from 0.411 to 0.691 without the penalty func-
tion and varies from 0.386 to 0.676 with the penalty function,
respectively. Near the ends of Pareto front, individuals are gener-
ally far away from the positive ideal point. After ranking all indi-
viduals, the 22th solution in case 1 and the 15th solution in case
2 are respectively selected by TOPSIS technique. The optimized
variables and performances are listed in Table. 2.

Fig. 9 shows the local Nusselt number varies along the whole
tube for different conditions. It is noticed that the heat transfer
performance is also improved at the entrance section and the exit
section since porous ring changes the flow structure. After entering
the porous section, Nusselt number increases significantly due to
the porous ring. Besides, it is found that both porous rings have a
fast effect on performance and more than 90% of the porous section
is working in best condition. The maximum of local Nusselt num-
ber is 52.10 for the case 1 and 13.09 for the case 2, respectively.

Next, the optimal solutions for different situations are com-
pared in Fig. 10. Numax represents the alternative which has the
maximum Nusselt number in the Fig. 5. Compared with the alter-
native Numax, the optimal solution determined by TOPSIS drops
48.35% in Nusselt number while drops 82.21% in friction factor,
respectively. It is obvious that TOPSIS is an effective method to bal-
ance two conflicting objectives. When we add the constraint f < 50
and make the further selection, it is found that the friction factor
drops 99.43% while the Nusselt number drops 86.64%. This result
indicates that the comprehensive performance may decrease after
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adding the constraint in the objective function. However, this
method is practical for making decision in the application when
the resource such as pump power is limited.
5. Conclusion

In this paper, the configurations of porous media inserted in a
tube have been optimized. The minimum f and the maximum Nu
of the tube are two conflicting objectives simultaneously consid-
ered. In the optimization process, multi-objective genetic algo-
rithm and CFD are coupled to solve the problem above and
obtain a series of Pareto solutions. It is obvious from Pareto front
that f significantly increases as Nu increases. Then, TOPSIS tech-
nique is applied to determine the best solution from the Pareto
front. Results show that the solution determined by TOPSIS drops
48.35% in Nu while drops 82.21% in f in comparison with the alter-
native which has the maximum Nusselt number. Subsequently, we
apply the penalty function instead of adding or modifying govern-
ing equations to restrain the flow resistance. It is proved that this
method is effective without convergence difficulties and practical
for utilizing limited resources.
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